
by
⊞ Greg Lawrence
⊞ Matt Penrice
⊞ Ted Tedford
⊞ Mauricio Richartz
⊞ Bill Unruh
Silke Weinfurtner

www.emergentgravity.org

Experimental verification of the 

stimulated Hawking process

www.emergentgravity.org

 

 
(b)

0 2 4
0

5

10

15

20

25

30

 

 
(c)

0 2 4

 

 
(a)

!2 0 2 4
0

5

10

15

20

25

30

!8

!6

!4

!2

0

2

4

6

8
(mm)

!

Time (s)

http://www.emergentgravity.org
http://www.emergentgravity.org
http://www.emergent
http://www.emergent


Motivation - The importance of Hawking radiation..?

www.emergentgravity.org

2

?
[ Images taken from ‘The road to Reality’, by Roger Penrose. ]

These three alternatives are

loss: information is lost when the hole evaporates away
store: information is stored in Wnal nugget
return: information all returned in Wnal explosion.

The reader might wonder why people feel the need to go the lengths
required for store or return, when the most obvious alternative would
appear to be loss. The reason is that loss seems to imply a violation of
unitarity, i.e. of the operation of U. If one’s philosophy of quantum
mechanics demands that unitarity is immutable, then one is in diYculty
with loss. Hence we have the popularity, among many (and apparently
most) particle physicists of the possibilities of store or return, despite the
seemingly contrived appearance of these alternatives.
My own view is that information loss is certainly the most probable. An

examination of Fig. 30.14 conveys the clear picture that the collapsing
physical material simply falls across the horizon, taking all its ‘informa-
tion’ with it, to be Wnally destroyed at the singularity. Nothing particular,
of local physical importance, should happen at the horizon. The matter
does not even ‘know’ when it crosses the horizon. We should bear in mind

(a) (b)

I +

I −

Fig. 30.14 Hawking black-
hole evaporation. (a) A black
hole forms through classical
gravitational collapse. Then
over an extremely long period it
loses mass–energy at a very slow
rate, through Hawking radi-
ation, very gradually heating up
as it loses mass. Finally, it
appears to have an explosive
disappearance (in an explosion
that is small by astrophysical
standards, and independent of
the hole’s original mass). (b) A
strict conformal diagram of this
process (spherically symmet-
rical case). This would seem to
convey a clear picture in ac-
cordance with loss where col-
lapsing material simply
falls across the horizon,
taking all its ‘information’
with it, to be destroyed at the
singularity.
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 (indirect) observations of the
existence of black holes;

 NO (indirect or direct) 
observation of the black hole 
evaporation process;

WE THINK BUT WE DON’T KNOW
THAT BLACK HOLES EVAPORATE!T

H
∼

10
−
7
K

We trust in quantum field theory, BUT:
☠ blue-shift of the modes at horizon

☠ robustness of HR to modification at UV
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proposals. It may be that I am taking too ‘generous’ a line on this, and
more theoreticians than I imagine are actually thinking that such a ‘warp
drive’ is to be taken seriously!)

30.7 Energy outflow from negative-energy orbits

I have digressed much too far from the task at hand, which was to consider
the implications of the Hawking temperature of a black hole. Can we see
from more physical reasons why, in the context of quantum mechanics, a
black hole ought to emit radiation in accordance with it having a non-zero
temperature? In fact, Hawking also provided an ‘intuitive’ derivation of
the presence of this Hawking radiation. This is illustrated in Fig. 30.11. In
the vicinity of the hole’s horizon, virtual particle–antiparticle pairs are
continually being produced out of the vacuum, only to annihilate each
other in a very short period of time. (This is the process considered in
§26.9, and illustrated in Figs. 26.9 and 26.10). However, the presence of a
black hole modiWes this activity because, from time to time, one of the
particles of the pair falls into the hole, the other one escaping. This can
only happen when the escaping particle becomes a real particle (i.e. ‘on
shell’, as opposed to the virtual ‘oV shell’ particle it started out as, see §26.8
and Fig. 26.6), and therefore the escaping particle must have positive
energy, so that (from energy conservation) the particle falling into the
hole has to become a real particle with negative energy (these energies
being assessed from inWnity). In fact, negative energies can occur for real

Fig. 30.11 Hawking’s ‘intuitive’
derivation of Hawking radiation. (a)
Far from the hole, virtual particle-
anti-particle pairs are continually
produced out of vacuum, but then
annihilated in a very short time (see
Fig. 26.9a). (b) Very close to the hole’s
horizon, we can envisage one of the
pair falling into the hole, the other
escaping to external inWnity. For this,
the virtual particles both become real,
and energy conservation demands that
the ingoing particles have negative
energy. This it can do, because the
Killing vector k becomes spacelike
inside the horizon. (If ka is spacelike,
the conserved energy paka can be
negative, where pa is the particle’s
4-momentum.)
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§30.7 CHAPTER 30

Pair-creation: 
Separation of particle-anti-particle pairs 
from the quantum vacuum;
Negative norm modes absorbed by 
black hole;
[ Particle Creation by Black Holes, by Stephen Hawking, in 1974 ]

φin
ω = αout

+ + βout
−

|βω|2 = e−
2πω
gH |αω|2

T =
gH
2π

Nature of Hawking process: Semi-classical quantum gravity 
effect, where the Einstein dynamics is not taken into consideration.

 Spontaneous versus stimulated emission: If the stimulated 
emission is there, the quantum will follow (Einstein).

 Black versus white hole emission: White holes are the time-
reversal of black holes, and the Hawking process applies to both.

[ Images taken from ‘The road to Reality’, by Roger Penrose. ]
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1.2 Quantum aspects of analogue gravity 11
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Figure 1.1: We illustrate the propagation of sound waves in convergent fluid flow.

can only cross the horizon from one direction, from subsonic to supersonic.

As pointed out above, Hawking radiation is a semi-classical quantum gravity effect, that does not

directly involve the validity of the Einstein equations. This is in contrast to the notion of Bekenstein
entropy, a geometrical entropy formulated in 1973 [25, 26]. The derivation for Bekenstein entropy
directly involves the Einstein equations. In the context of the analogue model programme the is-
sue of the “Essential and inessential features of Hawking radiation” has been summarized by Matt
Visser [184].

Hawking radiation requires — besides the existence of a Lorentzian metric — (1) an apparent

horizon (at least asymptotically), (2) non-zero “surface gravity”,

κ(t)
∣∣∣
Horizon

= csound
d [c(t, x) − |"v(t, x)|]

dx

∣∣∣∣
Horizon

, (1.25)

and (3) a relatively slow evolution of the geometry,

d [c(t, x) − |"v (t, x)|]
dx

"
ċsound

csound

∣∣∣∣
Horizon

. (1.26)

The latter is important to guarantee the dominance of spatial gradients over temporal gradients. The

slower the geometry evolves, the closer the apparent horizon sits to the event horizon (absolute
horizon), and the closer the actual spectrum is to a quasi-thermal spectrum [184]. (More recently,

in [11, 17] the authors argued that the presence of a pre-existing apparent horizon can be further

relaxed.)

1√
−g

∂a

�√
−ggab∂bφ1

�
= 0

Equation of motion for 
linear perturbations in 
analogue gravity systems: [ General relativistic wave equation ]

‘Fully’ determined by 
effective spacetime 
geometry:

[ Experimental black hole evaporation, by Bill Unruh; Vol 46, #21, PRL. ]

gH =
1

2

∂(c2 − v2)

∂n

gab =
�ρ
c

�2/(d−1)
�

−
�
c2 − v2

�
−�v T

−�v Id×d

�
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Set-up: Surface waves on open 
channel flow with varying depth.

- stationary
- irrotational
- incompressible
- inviscid

Our experiment in a nutshell

c = c(x) ≈
�
gh(x) ∝

�
h(x)v = v(x) =

q

h(x)
∝ 1

h(x)

Let’s recall the acoustic line-element:

Goal: Set up black and white horizon & detect stimulated 
conversion to pos. & neg. waves who’s relative amplitudes obey HS.

gab =
�ρ
c

�2/(d−1)
�

−
�
c2 − v2

�
−�v T

−�v Id×d

�
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Figure 2.1: The experimental apparatus used in our experiments. The differ-
ent pieces in the setup are numbered: 1 is the intake reservoir, 2 is the
flume, 3 is our obstacle cut into 2 pieces, 4 is the interchangeable plates,
5 is an aluminum plate cut to match the slope of the obstacle, 6 is the
wave generator, 7 is the weir, 8 is the holding reservoir, and 9 is the
pump.

is a suppressed rectangular weir (item 7 in Figure: 2.1). Using the weir the depth
of the water can be controlled and the average flow rate can be calculated. The
flume is constructed out of plexiglass and is hence transparent. It is supported by
one stand under the initial section and one stand near the holding tank. The stand
nearest the holding tank can be adjusted using two electronically controlled screw
jacks, so as to change the slope of the tank. A wooden frame has been constructed
over the center section of the flume. The frame extends out in front of the flume
to create a working area and has been covered with tarps and black cloth to block
out as much of the interior lighting as possible. This was necessary because not
all the lighting within the laboratory would shut off in order to conform to safety

12

Our flume tank (7.47m long and 15.4cm wide): 
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shallow:

Figure 1.2: The elliptical orbits of water molecules induced by a shallow wa-
ter wave.

Short wavelength, large wave number, waves are know as deep water waves.
The dispersion relation simplifies to,

Ω �
�

gk� (1.8)

Deep water waves group speed is half of their phase speed,

cp �
1
2

cg �

�
g
k
� (1.9)

For waves to be classified as deep water waves a rule of thumb is that their
wavelength must be less then ten times the the depth of the water they are propa-
gating in. Deep water waves do not reach the lower bound of the medium that they
are propagating in so the water molecules travel in circular orbits whose radius
decreases exponentially with depth [2], shown in Figure 1.3.

4

Figure 1.1: The dispersion relation plotted in the laboratory frame (a) and
water frame (b). The depth of the water is 0�12 m and the velocity of
the flow at this point is 0�22 m/sec. This is representative of typical
values in our flume before reaching our obstacle.

cp �
Ω
k
� (1.4)

and group velocity is given by the derivative of Ω with respect to wave number,

cg �
∂Ω
∂k

� (1.5)

Long wavelength, small wave number, waves are know as shallow water waves.
In this region the dispersion relation can be simplified to,

Ω �
�

gh k� (1.6)

Therefore the group and phase speed of shallow water waves are equal,

cp � cg �
�

gh� (1.7)

Waves are typically classified as shallow water if their wavelength is greater
then ten times the depth of the water they are traveling in. In shallow water waves
the lower boundary constrains the motion of the water molecules, such that they
move in elliptical orbits [2] as illustrated in Figure 1.2

3
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ent pieces in the setup are numbered: 1 is the intake reservoir, 2 is the
flume, 3 is our obstacle cut into 2 pieces, 4 is the interchangeable plates,
5 is an aluminum plate cut to match the slope of the obstacle, 6 is the
wave generator, 7 is the weir, 8 is the holding reservoir, and 9 is the
pump.

is a suppressed rectangular weir (item 7 in Figure: 2.1). Using the weir the depth
of the water can be controlled and the average flow rate can be calculated. The
flume is constructed out of plexiglass and is hence transparent. It is supported by
one stand under the initial section and one stand near the holding tank. The stand
nearest the holding tank can be adjusted using two electronically controlled screw
jacks, so as to change the slope of the tank. A wooden frame has been constructed
over the center section of the flume. The frame extends out in front of the flume
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deep:

In principle it is possible to construct a fluid flow exhibiting trapped surfaces.

A trapped surface is a closed two surface where the velocity is everywhere pointing

inward and the normal component exceeds the local speed of sound. Sound waves

along this surface will be swept inside. This is analogous to a black hole where

the gravitational field is so strong at the event horizon that not even light can es-

cape. This result indicated that a fluid flow could be created in a laboratory setting

that would act as an apparent horizon
1

for sound waves. In practise, creating a

supersonic flow in a laboratory poses numerous experimental challenges. However

in 2002 Schützhold and Unruh were able to extend the analogy to include gravity

waves [9]. Gravity waves, also known as surface waves, are the familiar waves

seen on lakes and in the ocean. Surface waves behave according to a dispersion

relation [6],

Ω2 �

�
gk �

σ
ρ

k3

�
tanh�k h�� (1.3)

Where g is gravitational acceleration, k is the wave number, h is the depth

of the fluid, σ is the surface tension
2
, and ρ is the density of the fluid. A plot

of the dispersion relation in both the laboratory and the water frame, for typical

values within our experimental setup can bee seen in Figure 1.1. In the co-moving

frame Ω is plotted, while in the laboratory frame Ω� vk is plotted. The dispersion

relation can be split into three regimes: shallow water waves, deep water waves and

capillary waves. The linear section at small wave number is known as the shallow

water regime, as the dispersion relation begins to go as the square root of k it enters

the deep water regime. At very high wave number, the dispersion relation curves

upward and goes as k
3
, outside of bounds shown in Figure 1.1, which is known as

the capillary regime.

The dispersion relation can be used to find the phase and group speeds of water

waves. The phase velocity is given by the ratio of Ω and wave number,

1
The term apparent horizon is used instead of event horizon in this context because the formation

of the horizon is dependant of the flow rate and will cease to exist if the Froude number drops below

one.

2
The surface tension is dependant on the temperature of the fluid, taken as 298 Kelvin in our

experiment.

2

Figure 1.2: The elliptical orbits of water molecules induced by a shallow wa-
ter wave.

Short wavelength, large wave number, waves are know as deep water waves.
The dispersion relation simplifies to,

Ω �
�

gk� (1.8)

Deep water waves group speed is half of their phase speed,

cp �
1
2

cg �

�
g
k
� (1.9)

For waves to be classified as deep water waves a rule of thumb is that their
wavelength must be less then ten times the the depth of the water they are propa-
gating in. Deep water waves do not reach the lower bound of the medium that they
are propagating in so the water molecules travel in circular orbits whose radius
decreases exponentially with depth [2], shown in Figure 1.3.

4

Figure 1.3: The circular orbits of water molecules induced by a deep water
wave.

For the third regime, capillary waves, the dispersion relation simplifies to,

Ω �

�
σ
ρ

k3� (1.10)

Capillary waves have very short wavelengths on the order of millimeters. At
these small wavelengths surface tension is the dominate factor in wave behavior.
The phase and group speeds for capillary waves are,

cp �

�
σ
ρ

k
1
2 � (1.11)

cg �
3
2

�
σ
ρ

k
1
2 � (1.12)

The advantage of gravity waves is that the flow speed required to induce wave
blocking, done by adjusting the depth of the water, can be created in a typical

5
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values in our flume before reaching our obstacle.
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and group velocity is given by the derivative of Ω with respect to wave number,

cg �
∂Ω
∂k

� (1.5)

Long wavelength, small wave number, waves are know as shallow water waves.
In this region the dispersion relation can be simplified to,

Ω �
�

gh k� (1.6)

Therefore the group and phase speed of shallow water waves are equal,

cp � cg �
�

gh� (1.7)

Waves are typically classified as shallow water if their wavelength is greater
then ten times the depth of the water they are traveling in. In shallow water waves
the lower boundary constrains the motion of the water molecules, such that they
move in elliptical orbits [2] as illustrated in Figure 1.2
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Figure 2.1: The experimental apparatus used in our experiments. The differ-
ent pieces in the setup are numbered: 1 is the intake reservoir, 2 is the
flume, 3 is our obstacle cut into 2 pieces, 4 is the interchangeable plates,
5 is an aluminum plate cut to match the slope of the obstacle, 6 is the
wave generator, 7 is the weir, 8 is the holding reservoir, and 9 is the
pump.

is a suppressed rectangular weir (item 7 in Figure: 2.1). Using the weir the depth
of the water can be controlled and the average flow rate can be calculated. The
flume is constructed out of plexiglass and is hence transparent. It is supported by
one stand under the initial section and one stand near the holding tank. The stand
nearest the holding tank can be adjusted using two electronically controlled screw
jacks, so as to change the slope of the tank. A wooden frame has been constructed
over the center section of the flume. The frame extends out in front of the flume
to create a working area and has been covered with tarps and black cloth to block
out as much of the interior lighting as possible. This was necessary because not
all the lighting within the laboratory would shut off in order to conform to safety

12deep:

In principle it is possible to construct a fluid flow exhibiting trapped surfaces.

A trapped surface is a closed two surface where the velocity is everywhere pointing

inward and the normal component exceeds the local speed of sound. Sound waves

along this surface will be swept inside. This is analogous to a black hole where

the gravitational field is so strong at the event horizon that not even light can es-

cape. This result indicated that a fluid flow could be created in a laboratory setting

that would act as an apparent horizon
1

for sound waves. In practise, creating a

supersonic flow in a laboratory poses numerous experimental challenges. However

in 2002 Schützhold and Unruh were able to extend the analogy to include gravity

waves [9]. Gravity waves, also known as surface waves, are the familiar waves

seen on lakes and in the ocean. Surface waves behave according to a dispersion

relation [6],

Ω2 �

�
gk �

σ
ρ

k3

�
tanh�k h�� (1.3)

Where g is gravitational acceleration, k is the wave number, h is the depth

of the fluid, σ is the surface tension
2
, and ρ is the density of the fluid. A plot

of the dispersion relation in both the laboratory and the water frame, for typical

values within our experimental setup can bee seen in Figure 1.1. In the co-moving

frame Ω is plotted, while in the laboratory frame Ω� vk is plotted. The dispersion

relation can be split into three regimes: shallow water waves, deep water waves and

capillary waves. The linear section at small wave number is known as the shallow

water regime, as the dispersion relation begins to go as the square root of k it enters

the deep water regime. At very high wave number, the dispersion relation curves

upward and goes as k
3
, outside of bounds shown in Figure 1.1, which is known as

the capillary regime.

The dispersion relation can be used to find the phase and group speeds of water

waves. The phase velocity is given by the ratio of Ω and wave number,

1
The term apparent horizon is used instead of event horizon in this context because the formation

of the horizon is dependant of the flow rate and will cease to exist if the Froude number drops below

one.

2
The surface tension is dependant on the temperature of the fluid, taken as 298 Kelvin in our

experiment.

2

Dispersion relation for 
maximum height
conversion point
minimum height

ΩLAB = ΩWATER ± v k
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1st experimental result: Flume without the obstacle

Application: Indirect way to measure the flow rate... 
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Figure 3.3: The red line is the third estimate of the free surface plotted over
the image. The calculated free surface now corresponds with the image
over it’s entirety.

the vertical derivative of the intensity from one pixel above the free surface
estimate to the pixel below. Interpolating between these two points to find
the zero crossing will yield the maximum in intensity inside the free surface
pixel. This is used as the final estimate of the free surface within our system,
see Figure 3.4.

3.1.2 Properties of the wave characteristic

The free surface is found in each image and combined to create a wave charac-
teristic. The wave characteristic for one of our early experiments can be seen in
Figure3.5. This experiment is used because it clearly demonstrates the features of a

36

3
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3.1.2 Properties of the wave characteristic

The free surface is found in each image and combined to create a wave charac-
teristic. The wave characteristic for one of our early experiments can be seen in
Figure3.5. This experiment is used because it clearly demonstrates the features of a

36

3
Figure 3.4: A zoomed in view of the free surface where the black stars show

the final estimate of free surface at sub pixel resolution and the red stars

show the third estimate.

wave characteristic. The redder the color the larger the amplitude of the waves, and

the bluer the lower the trough. Each horizontal slice represents a single free surface

at an instant in time. Therefore the slope of the lines within the wave characteris-

tic correspond to the phase velocity of the waves. The frequency of the incoming

waves can also be read off by looking at the spacing along the y-axis between the

waves that are entering from the right. By measuring the distance between the

wave crests along the x-axis for a constant time one can find the wavelength of the

waves. In this experiment a group of 5 waves was sent towards the horizon. The

thin black lines outline the the wave group. From the slope of the incoming waves

one can see that they have a positive phase velocity. The thick black line traces the

group speed. Once the waves reach the horizon at about 30 cm we can see that they

37
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Figure 2.7: This is a photo of the wave generator used in our experiments.

One can see the counter weight mounted on the disk as well as the stain-

less steel mesh which generates the waves.

28
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Figure 2.1: The experimental apparatus used in our experiments. The differ-
ent pieces in the setup are numbered: 1 is the intake reservoir, 2 is the
flume, 3 is our obstacle cut into 2 pieces, 4 is the interchangeable plates,
5 is an aluminum plate cut to match the slope of the obstacle, 6 is the
wave generator, 7 is the weir, 8 is the holding reservoir, and 9 is the
pump.

is a suppressed rectangular weir (item 7 in Figure: 2.1). Using the weir the depth
of the water can be controlled and the average flow rate can be calculated. The
flume is constructed out of plexiglass and is hence transparent. It is supported by
one stand under the initial section and one stand near the holding tank. The stand
nearest the holding tank can be adjusted using two electronically controlled screw
jacks, so as to change the slope of the tank. A wooden frame has been constructed
over the center section of the flume. The frame extends out in front of the flume
to create a working area and has been covered with tarps and black cloth to block
out as much of the interior lighting as possible. This was necessary because not
all the lighting within the laboratory would shut off in order to conform to safety
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(i) Amplitudes of converted waves 
depending on ingoing frequency:

(ii) what is a wave (particle) 
nearbythe white hole horizon..?

(ii) Norm is conserved:

2
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FIG. 1: — Conversion process. Dispersion relation for
waves propagating against a flow typical of our experiments.
A shallow water wave, k+

in, sent upstream, is blocked by the
flow and converted to a pair of deep water waves (k+

out and
k−
out) that are swept downstream.

experiments. Only the branch corresponding to waves
propagating against the flow is plotted. For low frequen-
cies, there are three possible waves, which we denote ac-
cording to wavenumber. The first, k+in, is a shallow water
wave with both positive phase and group velocities, and
corresponds to the wave that we generate in our experi-
ments. The second, k+out, has positive phase velocity, but
negative group velocity. Both waves, k+in and k+out, are
on the positive norm branch of the dispersion relation.
The third, k−out, has both negative phase and group ve-
locities, and it lies on the negative norm branch. In our
experiment, generated shallow water waves move into a
region where they are blocked by a counter-current, and
converted into the other two waves. The goals of our
experiment were to observe pair-wave creation, and to
measure the relative amplitudes of the outgoing positive
and negative norm modes to test the validity of equation
(1).[24]

The conversion from shallow water to deep water waves
occurs where a counter-current become sufficiently strong
to block the upstream propagation of shallow water waves
[13–16]. It is this that creates the analogy with the white
hole horizon in general relativity. That is, there is a
region that the shallow water waves cannot access, just
as light cannot enter a white hole horizon. Note that
while our experiment is on white hole horizon analogues,
it is because they are equivalent to the time inverse of
black hole analogues that we can apply our results to the
black hole situation.

Our experiments were performed in a 6.2 m long, 0.15
m wide and 0.48 m deep flume, and were partly motivated
by experiments in similar flumes [12–17]. We created a
spatially varying background flow by placing a 1.55 m
long and 0.106 m high obstacle in the flume. This ob-
stacle was modelled after an airplane wing with a flat

top and a maximum downstream slope of 5.2 degrees de-
signed to prevent flow separation. We used particle image
velocimetry [18] to determine q, and to verify the absence
of flow separation. Shallow water waves of approximately
2 mm amplitude were generated 2 m downstream of the
obstacle, by a vertically oscillating mesh, which partially
blocked the flow as it moved in and out of the water. The
intake reservoir had flow straighteners and conditioners
to dissipate surface waves produced by the ingoing flow.
We measured and analysed the variations in water

surface height using essentially the same techniques as
in [19]. The water surface was illuminated using laser-
induced fluorescence, and photographed with a high-
resolution (1080p) monochrome camera. The camera was
set up such that the pixel size was 1.3 mm, the imaged
area was 2 m wide and 0.3 m high, and the sampling rate
was 20 Hz. The green (532 nm) 0.5 W laser light passed
through a Powell lens to create a thin (≈ 2 mm) light
sheet. Rhodamine-WT dye was dissolved in the water,
which fluoresced to create a sharp (< 0.2 mm) surface
maximum in the light intensity. We interpolated the in-
tensity of light between neighbouring pixels to determine
the height of the water surface to subpixel accuracy.
To detect the stimulated Hawking process, we sent

shallow water waves toward the effective white hole hori-
zon, which sits on the lee side of the obstacle. We con-
ducted a series of experiments, with q = 0.045 m2/s and
h = 0.194 m, and examined 9 different ingoing frequen-
cies between 0.02 and 0.67 Hz, with corresponding still
water wavelengths between 69 and 2.1 meters. This sur-
face was imaged at 20 frames per second, for about 200
s. In all cases we analysed a period of time which was an
exact multiple of the period of the ingoing wave, allowing
us to carry out sharp temporal frequency filtering of the
signals (i.e., eliminating spectral leakage).
The analysis of the surface wave data was facili-

tated by introducing the convective derivative operator
∂t + v(x)∂x. We redefine the spatial coordinate using,
ξ =

�
0

dx
v(x) where x is the distance downstream from the

right hand edge of the flat portion of the obstacle. The
ξ coordinate has dimensions of time, and its associated
wave number κ has units of Hz. The convective deriva-
tive becomes ∂t+∂ξ, or, in Fourier transform space, f+κ.
This is the term that enters the conserved norm. From
equations (35), (36) and (87) of reference [7] we find that
the conserved norm has the form

� |A(f,κ)|2

f + κ
dκ (2)

where A(f,κ) is the t, ξ Fourier transform of the vertical
displacement of the wave. In using this coordinate system
the outgoing waves have an almost uniform wavelength
even over the obstacle slope.
We will illustrate the pair-wave creation process by

presenting the results for fin = 0.185 Hz. In this case,
we analyzed images from exactly 18 cycles, measuring
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Figure 2.1: The experimental apparatus used in our experiments. The differ-
ent pieces in the setup are numbered: 1 is the intake reservoir, 2 is the
flume, 3 is our obstacle cut into 2 pieces, 4 is the interchangeable plates,
5 is an aluminum plate cut to match the slope of the obstacle, 6 is the
wave generator, 7 is the weir, 8 is the holding reservoir, and 9 is the
pump.

is a suppressed rectangular weir (item 7 in Figure: 2.1). Using the weir the depth
of the water can be controlled and the average flow rate can be calculated. The
flume is constructed out of plexiglass and is hence transparent. It is supported by
one stand under the initial section and one stand near the holding tank. The stand
nearest the holding tank can be adjusted using two electronically controlled screw
jacks, so as to change the slope of the tank. A wooden frame has been constructed
over the center section of the flume. The frame extends out in front of the flume
to create a working area and has been covered with tarps and black cloth to block
out as much of the interior lighting as possible. This was necessary because not
all the lighting within the laboratory would shut off in order to conform to safety
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FIG. 1: — Conversion process. Dispersion relation for
waves propagating against a flow typical of our experiments.
A shallow water wave, k+

in, sent upstream, is blocked by the
flow and converted to a pair of deep water waves (k+

out and
k−
out) that are swept downstream.

experiments. Only the branch corresponding to waves
propagating against the flow is plotted. For low frequen-
cies, there are three possible waves, which we denote ac-
cording to wavenumber. The first, k+in, is a shallow water
wave with both positive phase and group velocities, and
corresponds to the wave that we generate in our experi-
ments. The second, k+out, has positive phase velocity, but
negative group velocity. Both waves, k+in and k+out, are
on the positive norm branch of the dispersion relation.
The third, k−out, has both negative phase and group ve-
locities, and it lies on the negative norm branch. In our
experiment, generated shallow water waves move into a
region where they are blocked by a counter-current, and
converted into the other two waves. The goals of our
experiment were to observe pair-wave creation, and to
measure the relative amplitudes of the outgoing positive
and negative norm modes to test the validity of equation
(1).[24]

The conversion from shallow water to deep water waves
occurs where a counter-current become sufficiently strong
to block the upstream propagation of shallow water waves
[13–16]. It is this that creates the analogy with the white
hole horizon in general relativity. That is, there is a
region that the shallow water waves cannot access, just
as light cannot enter a white hole horizon. Note that
while our experiment is on white hole horizon analogues,
it is because they are equivalent to the time inverse of
black hole analogues that we can apply our results to the
black hole situation.

Our experiments were performed in a 6.2 m long, 0.15
m wide and 0.48 m deep flume, and were partly motivated
by experiments in similar flumes [12–17]. We created a
spatially varying background flow by placing a 1.55 m
long and 0.106 m high obstacle in the flume. This ob-
stacle was modelled after an airplane wing with a flat

top and a maximum downstream slope of 5.2 degrees de-
signed to prevent flow separation. We used particle image
velocimetry [18] to determine q, and to verify the absence
of flow separation. Shallow water waves of approximately
2 mm amplitude were generated 2 m downstream of the
obstacle, by a vertically oscillating mesh, which partially
blocked the flow as it moved in and out of the water. The
intake reservoir had flow straighteners and conditioners
to dissipate surface waves produced by the ingoing flow.
We measured and analysed the variations in water

surface height using essentially the same techniques as
in [19]. The water surface was illuminated using laser-
induced fluorescence, and photographed with a high-
resolution (1080p) monochrome camera. The camera was
set up such that the pixel size was 1.3 mm, the imaged
area was 2 m wide and 0.3 m high, and the sampling rate
was 20 Hz. The green (532 nm) 0.5 W laser light passed
through a Powell lens to create a thin (≈ 2 mm) light
sheet. Rhodamine-WT dye was dissolved in the water,
which fluoresced to create a sharp (< 0.2 mm) surface
maximum in the light intensity. We interpolated the in-
tensity of light between neighbouring pixels to determine
the height of the water surface to subpixel accuracy.
To detect the stimulated Hawking process, we sent

shallow water waves toward the effective white hole hori-
zon, which sits on the lee side of the obstacle. We con-
ducted a series of experiments, with q = 0.045 m2/s and
h = 0.194 m, and examined 9 different ingoing frequen-
cies between 0.02 and 0.67 Hz, with corresponding still
water wavelengths between 69 and 2.1 meters. This sur-
face was imaged at 20 frames per second, for about 200
s. In all cases we analysed a period of time which was an
exact multiple of the period of the ingoing wave, allowing
us to carry out sharp temporal frequency filtering of the
signals (i.e., eliminating spectral leakage).
The analysis of the surface wave data was facili-

tated by introducing the convective derivative operator
∂t + v(x)∂x. We redefine the spatial coordinate using,
ξ =

�
0

dx
v(x) where x is the distance downstream from the

right hand edge of the flat portion of the obstacle. The
ξ coordinate has dimensions of time, and its associated
wave number κ has units of Hz. The convective deriva-
tive becomes ∂t+∂ξ, or, in Fourier transform space, f+κ.
This is the term that enters the conserved norm. From
equations (35), (36) and (87) of reference [7] we find that
the conserved norm has the form

� |A(f,κ)|2

f + κ
dκ (2)

where A(f,κ) is the t, ξ Fourier transform of the vertical
displacement of the wave. In using this coordinate system
the outgoing waves have an almost uniform wavelength
even over the obstacle slope.
We will illustrate the pair-wave creation process by

presenting the results for fin = 0.185 Hz. In this case,
we analyzed images from exactly 18 cycles, measuring
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Figure 2.1: The experimental apparatus used in our experiments. The differ-
ent pieces in the setup are numbered: 1 is the intake reservoir, 2 is the
flume, 3 is our obstacle cut into 2 pieces, 4 is the interchangeable plates,
5 is an aluminum plate cut to match the slope of the obstacle, 6 is the
wave generator, 7 is the weir, 8 is the holding reservoir, and 9 is the
pump.

is a suppressed rectangular weir (item 7 in Figure: 2.1). Using the weir the depth
of the water can be controlled and the average flow rate can be calculated. The
flume is constructed out of plexiglass and is hence transparent. It is supported by
one stand under the initial section and one stand near the holding tank. The stand
nearest the holding tank can be adjusted using two electronically controlled screw
jacks, so as to change the slope of the tank. A wooden frame has been constructed
over the center section of the flume. The frame extends out in front of the flume
to create a working area and has been covered with tarps and black cloth to block
out as much of the interior lighting as possible. This was necessary because not
all the lighting within the laboratory would shut off in order to conform to safety

12

10 5 0 5 10
1

0

1

Wave number (cycles/m)

Fr
eq

ue
nc

y 
(c

yc
le

s/
s)

kout k+in k+out

From amplitudes to Hawking spectra

www.emergentgravity.org

13

(i) Amplitudes of converted waves 
depending on ingoing frequency:

(ii) what is a wave (particle) 
nearbythe white hole horizon..?

(ii) Norm is conserved:

2

!" # " # !"
!

"

!

$%&'()*+,'-(./0/1'23+4
5-
'6
*'
)/
0(
./
0/
1'
23
24

!"#$ !%&' !%"#$

FIG. 1: — Conversion process. Dispersion relation for
waves propagating against a flow typical of our experiments.
A shallow water wave, k+

in, sent upstream, is blocked by the
flow and converted to a pair of deep water waves (k+

out and
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out) that are swept downstream.

experiments. Only the branch corresponding to waves
propagating against the flow is plotted. For low frequen-
cies, there are three possible waves, which we denote ac-
cording to wavenumber. The first, k+in, is a shallow water
wave with both positive phase and group velocities, and
corresponds to the wave that we generate in our experi-
ments. The second, k+out, has positive phase velocity, but
negative group velocity. Both waves, k+in and k+out, are
on the positive norm branch of the dispersion relation.
The third, k−out, has both negative phase and group ve-
locities, and it lies on the negative norm branch. In our
experiment, generated shallow water waves move into a
region where they are blocked by a counter-current, and
converted into the other two waves. The goals of our
experiment were to observe pair-wave creation, and to
measure the relative amplitudes of the outgoing positive
and negative norm modes to test the validity of equation
(1).[24]

The conversion from shallow water to deep water waves
occurs where a counter-current become sufficiently strong
to block the upstream propagation of shallow water waves
[13–16]. It is this that creates the analogy with the white
hole horizon in general relativity. That is, there is a
region that the shallow water waves cannot access, just
as light cannot enter a white hole horizon. Note that
while our experiment is on white hole horizon analogues,
it is because they are equivalent to the time inverse of
black hole analogues that we can apply our results to the
black hole situation.

Our experiments were performed in a 6.2 m long, 0.15
m wide and 0.48 m deep flume, and were partly motivated
by experiments in similar flumes [12–17]. We created a
spatially varying background flow by placing a 1.55 m
long and 0.106 m high obstacle in the flume. This ob-
stacle was modelled after an airplane wing with a flat

top and a maximum downstream slope of 5.2 degrees de-
signed to prevent flow separation. We used particle image
velocimetry [18] to determine q, and to verify the absence
of flow separation. Shallow water waves of approximately
2 mm amplitude were generated 2 m downstream of the
obstacle, by a vertically oscillating mesh, which partially
blocked the flow as it moved in and out of the water. The
intake reservoir had flow straighteners and conditioners
to dissipate surface waves produced by the ingoing flow.
We measured and analysed the variations in water

surface height using essentially the same techniques as
in [19]. The water surface was illuminated using laser-
induced fluorescence, and photographed with a high-
resolution (1080p) monochrome camera. The camera was
set up such that the pixel size was 1.3 mm, the imaged
area was 2 m wide and 0.3 m high, and the sampling rate
was 20 Hz. The green (532 nm) 0.5 W laser light passed
through a Powell lens to create a thin (≈ 2 mm) light
sheet. Rhodamine-WT dye was dissolved in the water,
which fluoresced to create a sharp (< 0.2 mm) surface
maximum in the light intensity. We interpolated the in-
tensity of light between neighbouring pixels to determine
the height of the water surface to subpixel accuracy.
To detect the stimulated Hawking process, we sent

shallow water waves toward the effective white hole hori-
zon, which sits on the lee side of the obstacle. We con-
ducted a series of experiments, with q = 0.045 m2/s and
h = 0.194 m, and examined 9 different ingoing frequen-
cies between 0.02 and 0.67 Hz, with corresponding still
water wavelengths between 69 and 2.1 meters. This sur-
face was imaged at 20 frames per second, for about 200
s. In all cases we analysed a period of time which was an
exact multiple of the period of the ingoing wave, allowing
us to carry out sharp temporal frequency filtering of the
signals (i.e., eliminating spectral leakage).
The analysis of the surface wave data was facili-

tated by introducing the convective derivative operator
∂t + v(x)∂x. We redefine the spatial coordinate using,
ξ =
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0

dx
v(x) where x is the distance downstream from the

right hand edge of the flat portion of the obstacle. The
ξ coordinate has dimensions of time, and its associated
wave number κ has units of Hz. The convective deriva-
tive becomes ∂t+∂ξ, or, in Fourier transform space, f+κ.
This is the term that enters the conserved norm. From
equations (35), (36) and (87) of reference [7] we find that
the conserved norm has the form

� |A(f,κ)|2

f + κ
dκ (2)

where A(f,κ) is the t, ξ Fourier transform of the vertical
displacement of the wave. In using this coordinate system
the outgoing waves have an almost uniform wavelength
even over the obstacle slope.
We will illustrate the pair-wave creation process by

presenting the results for fin = 0.185 Hz. In this case,
we analyzed images from exactly 18 cycles, measuring
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gH =
1

2

∂(c2 − v2)

∂n

|βω|2 = e−
2πω
gH |αω|2

Order of magnitude is right at 
the place where the waves get 
blocked!

✓ Stimulated Hawking process [pair-creation 
with a thermal spectra] is confirmed at white 
hole in analogue gravity system.                
- The thermal emission is a universal phenomenon, 
surviving fluid-dynamic deviations (viscosity, vorticity) 
and vastly altered dispersion relations.         

Spontaneous emission straightforward, but undetectable; 
superfluid experiments necessary...
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