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Introduction

ĝij = e2φgij =⇒ e2φR̂
ij
kl = R ij

kl − 4Y
[i
[kδ

j]
l ] (1)

with

Yij = φ,i ;j − φ,iφ,j +
1

2
gijg

mnφ,mφ,n. (2)

(M, g) conformal Einstein perfect �uid:{
R̂ij − 1

2 R̂ĝij + Λĝij = 0

Rij − 1
2Rgij = (m + p)uiuj + pgij

(3)

=⇒ Yij =
1

2
(m + p)uiuj +

1

6
(m − Λe2φ)gij . (4)
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Introduction

1986, 1987:

Λ = 0, ∇φ ‖ u
Λ = 0, shear-free

Λ = 0, vorticity-free

Λ = 0, inheriting G2

Λ = 0, barotropic equation of state and ∇φ ⊥ u
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GHP formalism

(Geroch, Held and Penrose, JMP 1973)

e1, e2, e3, e4 ≡ m, m̄, `, k with k · ` = −1,m · m̄ = 1

Under boosts

k → Ak , `→ A−1`

and spatial rotations

m → e iθm

well-weighted variables η of weight [p, q] transform as

η → A
p+q
2 e i

p−q

2
θη

(η has boost-weight = p+q
2 and spin-weight = p−q

2 ).
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GHP formalism

Basic variables:

κ = Γ414, τ = Γ413, σ = Γ411, ρ = Γ412,

ν = Γ233, π = Γ234, λ = Γ232, µ = Γ231,

(Γabc = −Γbac ≡ ea∇c(eb)),

Φ00,Φ22,Φ01,Φ12,Φ02,Φ11,

R,Ψ0,Ψ1,Ψ2,Ψ3,Ψ4.

α, β, ε, γ get absorbed in Þ,Þ′,ð,ð′:

Þη = (D − pε− qε̄)η

Þ′η = (∆− pγ − qγ̄)η

ðη = (δ − pβ − qᾱ)η

ð′η = (δ̄ − pα− qβ̄)η
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GHP formalism

Symmetry transformations:

complex conjugation

prime transformation:

k ↔ `,m ↔ m̄,

κ↔ −ν, τ ↔ −π, σ ↔ −λ, ρ↔ −µ,
Φij ↔ Φ2−i 2−j , Ψi ↔ Ψ4−i

Sachs transformation:

k → m, `→ m̄,m → k̄ , m̄ → `

ρ∗ = τ, τ∗ = −ρ, ρ′∗ = −τ ′, τ ′∗ = ρ′
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GHP formalism

Basic equations:

12 complex Ricci equations

Þτ − Þ′κ = (τ − τ̄ ′)ρ+ (τ̄ − τ ′)σ + Φ01 + Ψ1,

ðρ− ð′σ = (ρ− ρ̄)τ + (ρ̄′ − ρ′)κ+ Φ01 −Ψ1,

Þσ − ðκ = (ρ+ ρ̄)σ − (τ + τ̄ ′)κ+ Ψ0,

Þρ− ð′κ = ρ2 + σσ̄ − κ̄τ − κτ ′ + Φ00,

Þ′σ − ðτ = σρ′ − λ̄ρ− τ2 + κν̄ − Φ02,

Þ′ρ− ð′τ = ρρ̄′ − λσ − τ τ̄ + κν −Ψ2 −
1

12
R

9 complex + 2 real Bianchi equations

commutator relations
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CEPF's

Construct (m, m̄, k ′, k) such that R{u,∇φ} = R{k , k ′}:

ðφ ( = ð′φ) = 0

u = 1√
2

(Qk ′ + Q ′k) (w(Q) = [1, 1], Q ′ = 1/Q)

⇓


Q ′2Φ00 = Q2Φ22 = 2Φ11 = 1

4(m + p)
R = m − 3p

Φ01 = Φ02 = Φ12 = 0

(5)
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Basic equations

{
Þ2φ = (Þφ)2 + 1

4(m + p)Q2

Þ′Þφ = 1
4(m + 3p) + 1

6Λe2φ
(6)


σ̄Þ′φ+ σ′Þφ = 0

ρÞ′φ+ ρ̄′Þφ = (Þφ)(Þ′φ) + 1
6(m − Λe2φ)

κÞ′φ− π̄Þφ = 0

(7)
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Some natural sub-cases

N := Q ′2Þφ/Þ′φ (w(N) = [0, 0],N ′ = 1/N)

I. N = 1 (u/parallel∇φ):
FLRW

II. (N + 3)(N ′ + 3) = 0:
σab = ωab = 0

Ψ0 = Ψ1 = Ψ3 = Ψ4 = 0

Ψ2 − Ψ̄2 = 0

Λ < 0

m < 0

III. N2 + 6N + 1 = 0: idem
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a surprise on the way . . .

(α1N + α2)m2 + (. . .N + . . .)m + . . .N + . . . = 0

(N = −3± 2
√
2, α1, α2, . . . ∈ N).

discriminant = ζ1 + ζ2N

ζ1 = 13572975656291512842153966010956230639870211708564239881

ζ2 = 79109099478649174729940936129346741418822160095061340126

3− 2
√
2− ζ1

ζ2
≈ 0.28 10−112

(p, q ∈ N : p
q

= (3− ζ1
ζ2

)/2 satisfy p − q
√
2 = (1−

√
2)148).
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Shear-free case (and N 6= 1,−3,−1/3,−3± 2
√
2)

σab = 0 =⇒
{
u ⊥ ∇φ (N = −1)
θ = 0

Not type O =⇒ κ = 0,Ψ0 = Ψ1 = Ψ3 = Ψ4 = 0.

1. Þφ = ρ: LRS IIc special static �uid spheres (or generalisations):

δ ≡ δ̄ ≡ 0

Dφ = −∆φ = k (constant)

(D −∆)p = m+p
2k (p + 2Λe2φ − 2k2)

Ψ2 = −2
3Λe2φ

Λ < 0

m = −2Λe2φ − 6k2

(8)

2. Þφ 6= ρ: Λ 6= 0-generalisations of 1986-results:

a) ρ̄ 6= ρ: LRS I, Cahen-Defrise-transforms
b) ρ̄ = ρ: LRS IIc and IIb, " " "
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Vorticity-free case (and N 6= 1,−3,−1/3,−3± 2
√
2)

ωab = 0 (and σab 6= 0) =⇒ Λ 6= 0-generalisations of the 1986-results :

1. u ⊥ ∇φ:
G3 VI0 on T3

2. u 6⊥ ∇φ:

special (pseudo-)spherically or plane symmetric expanding �uids
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To do

u ⊥ ∇φ: promising . . .

general case: ???
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