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Abstract

Algebraic conditions on the Ricci tensor in the Rainich-Misner-Wheeler unified
field theory are known as the Rainich conditions. Penrose and more recently
Bergqvist and Lankinen made an analogy from the Ricci tensor to the Bel-Robinson
tensor Bαβµν, a certain fourth rank tensor quadratic in the Weyl curvature, which
also satisfies algebraic Rainich-like conditions. However, we found that not only
does the tensor Bαβµν fulfill these conditions, but so also does our recently proposed
tensor Vαβµν, which has many of the desirable properties of Bαβµν. For the quasilo-
cal small sphere limit restriction, we found that there are only two fourth rank
tensors, Bαβµν and Vαβµν, which form a basis for good energy expressions. Both of
them have the completely trace free and causal properties, these two form neces-
sary and sufficient conditions. Surprisingly either completely traceless or causal is
enough to fulfill the algebraic Rainich conditions.
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1 Introduction

We define the 4th rank Bel-Robinson tensor, proposed in 1958, as follows

Bαβµν := RαλµσRβ
λ
ν
σ + ∗Rαλµσ ∗Rβ

λ
ν
σ

= RαλµσRβ
λ
ν
σ + RαλνσRβ

λ
µ
σ − 1

8
gαβgµνR

2. (1)

where ∗Rαλστ is the dual of Rαλστ and R2 = RρλστR
ρλστ . Here we propose an unique

alternative 4th rank tensor for the non-negative gravitational energy in the quasilocal limit

Vαβµν = Bαβµν + Wαβµν 6= Bαβµν, (2)

in general, where

Wαβµν :=
3

2
(RαµλσRβν

λσ + RανλσRβµ
λσ) +

1

8
(gαµgβν + gανgβµ − 2gαβgµν)R

2, (3)

Analog of the electric Eab and magnetic part Hab are defined in terms of the Weyl tensor

Eab := Ca0b0, Hab := ∗Ca0b0, a, b = 1, 2, 3. (4)

The positive gravitation energy density for both Bαβµν and Vαβµν are

B0000 ≡ V0000 = EabE
ab + HabH

ab ≥ 0. (5)

In the small region Pµ ∝ Bµ000 = Vµ000 = (EabE
ab + HabH

ab, 2εcabE
adHb

d).

Since we want P 0 ≥ |~P | ≥ 0, then causal condition EabE
ab + HabH

ab ≥ 2εcabE
adHb

d
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2 Algebraic Rainich conditions

In 1925 Rainich proposed a unified field theory for the geometrization of the electromag-
netic field. The basic idea is from the Einstein-Maxwell field equations:

Rαβ −
1

2
gαβR = −8π

FαλFβ
λ − 1

4
gαβFρλF

ρλ
 . (6)

where Rαβ is the 2nd rank Ricci tensor and Fαβ is the electromagnetic field tensor. Taking
the trace of (6), one finds Rα

α = R = 0. Then rewrite (6)

Rαβ = −8π
FασFβ

σ − 1

4
gαβFρσF

ρσ
 . (7)

Using this, one can obtain the following

RαλRβ
λ =

1

4
gαβRρλR

ρλ. (8)

Therefore the algebraic Rainich conditions can be written as

RαλRβ
λ =

1

4
gαβRρλR

ρλ, Rα
α = 0, R00 ≥ 0, (9)

where the last condition is to ensure positive energy.
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3 Fourth rank Algebraic Rainich conditions

Penrose replaced the Ricci tensor by stress tensor Tαβ using the Einstein field equation

Rµν −
1

2
gµνR = κTµν (10)

Rewrite the algebraic Rainich conditions as follows

TαλTβ
λ =

1

4
gαβTρλT

ρλ, T λ
λ = 0, T00 ≥ 0, (11)

Furthermore, analog from 2nd to 4th rank tensor, Bαβµν is the first tensor satisfying the
algebraic Rainich conditions [Penrose; Bergqvist and Lankinen CQG 2004 21 3499].

BαλστBβ
λστ =

1

4
gαβBρλστB

ρλστ , 0 = Bρ
ρστ = Bρ

σρτ = ..., B0000 ≥ 0, (12)

where Bαλστ ≡ B(αλστ) (i.e., completely symmetric). Moreover, our recently proposed
Vαβµν also satisfies these algebraic Rainich conditions

VαλστVβ
λστ =

1

4
gαβVρλστV

ρλστ , 0 = V ρ
ρστ = V ρ

σρτ = ..., V0000 ≥ 0, (13)

where V(αλ)(στ) ≡ V(στ)(αλ) and V ρ
ρστ ≡ 0 ≡ V ρ

σρτ , but Vαλστ 6= V(αλστ).

Footnote: We found that the first condition is an identity for (12) and (13). The de-
tail in on next slide.
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4 Two basic components of the fourth rank tensor

Edgar and Wingbrant [JMP 2003] found the one-quarter identity

RαξλκRσ
ξ
τ
κRβπ

λ
γR

σπτγ =
1

4
gαβRρξλκRσ

ξ
τ
κRρ

π
λ
γR

σπτγ, (14)

RαξλκRσ
ξ
τ
κRβπ

τ
γR

σπλγ =
1

4
gαβRρξλκRσ

ξ
τ
κRρ

π
τ
γR

σπλγ. (15)

We found that the above two are not the only cases that satisfy the one-quarter property,
but for any combination

MαλστMβ
λστ =

1

4
gαβµνMρλστM

ρλστ , (16)

where Mαλστ is any tensor quadratic in the Riemann curvature, non-vanishing in vacuum.

For any fourth rank tensor, Deser [arXiv:gr-qc/9901007] stated that there are only two
basic components. We use the following as the representation:

(RρλστR
ρλστ)2, (Rρλστ ∗Rρλστ)2. (17)

In particular [M Iihoshi and S V Ketov, Advances in High Energy Physics Volume 2008],

4BρλστB
ρλστ = (RρλστR

ρλστ)2 + (Rρλστ ∗Rρλστ)2 (18)

Moreover, we found

2BρλστB
ρλστ = (RρλστR

ρλστ)2 − 2RρλξκRστ
ξκRρτ

µνR
στµν. (19)

The Deser paper does not contain ‘2’ at the last term.
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5 Two basic components of the fourth rank tensor

Edgar and Wingbrant [JMP 2003] found the one-quarter identity

RαξλκRσ
ξ
τ
κRβπ

λ
γR

σπτγ =
1

4
gαβRρξλκRσ

ξ
τ
κRρ

π
λ
γR

σπτγ, (20)

RαξλκRσ
ξ
τ
κRβπ

τ
γR

σπλγ =
1

4
gαβRρξλκRσ

ξ
τ
κRρ

π
τ
γR

σπλγ. (21)

We found that the above two are not the only cases that satisfy the one-quarter property,
but for any combination

MαλστMβ
λστ =

1

4
gαβµνMρλστM

ρλστ , (22)

where Mαλστ is any tensor quadratic in the Riemann curvature, non-vanishing in vacuum.

For any fourth rank tensor, Deser [arXiv:gr-qc/9901007] stated that there are only two
basic components. We use the following as the representation:

(RρλστR
ρλστ)2, (Rρλστ ∗Rρλστ)2. (23)

In particular [M Iihoshi and S V Ketov, Advances in High Energy Physics Volume 2008],

4BρλστB
ρλστ = (RρλστR

ρλστ)2 + (Rρλστ ∗Rρλστ)2 = 16RρξλκRσ
ξ
τ
κRρ

π
σ
γR

λπτγ. (24)

Moreover, we found

2BρλστB
ρλστ = (RρλστR

ρλστ)2 − 2RρλξκRστ
ξκRρτ

µνR
στµν. (25)

The Deser paper does not contain ‘2’ at the last term.
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6 Completely traceless imply positivity or causal

There are 4 basic quadratic Riemann tensors in the small region limit [Deser CQG 1999],
we use our own notation

B̃αβµν = RαλµσRβ
λ
ν
σ + RαλνσRβ

λ
µ
σ, K̃αβµν = RαλβσRµ

λ
ν
σ + RαλβσRν

λ
µ
σ,

S̃αβµν = RαµλσRβν
λσ + RανλσRβµ

λσ, T̃αβµν = −1

8
gαβgµνRρλστR

ρλστ . (26)

Consider the combination for totally traceless:

0 = a1B̃
α
αµν + a2S̃

α
αµν + a3K̃

α
αµν + a4T̃

α
αµν =

1

2
(a1 + a2 − a4)gµνR

2, (27)

0 = a1B̃
α
µαν + a2S̃

α
µαν + a3K̃

α
µαν + a4T̃

α
µαν =

1

8
(a1 − 2a2 + 3a3 − a4)gµνR

2, (28)

where a1 to a4 are constants. The solutions are

a4 = a1 + a2, a2 = a3. (29)

Consider the linear combination of these 4 fundamental tensors, we found Bαβµν and Vαβµν

are the unique tensors that have the completely traceless property and imply positivity

a1B̃αβµν + a2S̃αβµν + a3K̃αβµν + a4T̃αβµν

= a1(B̃αβµν + T̃αβµν) + a2(S̃αβµν + K̃αβµν + T̃αβµν)

= a1Bαβµν + a2Vαβµν. (30)
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7 Positive or causal implies completely traceless

Counter example for satisfying positive energy but not fulfilling completely traceless,

Xαβµν = RαλβσRµ
λ
ν
σ, X0000 = EabE

ab ≥ 0, Xα
µαν =

1

4
gµνR

2 6= 0. (31)

Returning back to causal, consider the energy-momentum integral in a quasilocal small
sphere with constant time evolution of the hypersurface. Note that the fourth rank tensor
Xαβµν needs to be symmetric at the last two indices because of the small sphere limit

NµPµ =
∫
NµXρ

µξκx
ξxκηρ =

∫
NµX0

µξκx
ξxκη0 =

∫
NµX0

µijx
ixjdV

=
∫
NµX0

µl
lr

2

3
dV =

∫
NµX0

µl
lr

2

3
4πr2dr = NµX0

µl
l4πr5

15

= Nµ
(
X0

µα
α −X0

µ0
0

) 4πr5

15
= NµX0

µ00
4πr5

15
, (32)

where we made the assumption that X0µα
α vanishes and fulfills causal. Consider the re-

quirement for the energy-momentum being future pointing and non-spacelike (i.e., causal)
in the small sphere limit :

a1B̃µ0l
l + a2S̃µ0l

l + a3K̃µ0l
l + a4T̃µ0l

l

= a1(−2EabE
ab + 4HabH

ab, 2εcabE
adHb

d) + a2(−4EabE
ab + 4HabH

ab, 0)

+a3(2EabE
ab, 2εcabE

adHb
d) + a4(3EabE

ab − 3HabH
ab, 0)

= (−2a1 − 4a2 + 2a3 + 3a4)EabE
ab + (4a1 + 4a2 − 3a4)HabH

ab + (2a1 + 2a3)εcabE
adHb

d.

Causal requires the magnitude of EabE
ab and HabH

ab to be the same and the energy is
greater than or equal to the momentum. After some simple algebra, we found
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a1B̃µ0l
l + a2S̃µ0l

l + a3K̃µ0l
l + a4T̃µ0l

l = a1Bµ000 + a3Vµ000 = (a1 + a3)Bµ000, (33)

where we require a1 + a3 ≥ 0.
Hence, the completely traceless and causal properties form necessary and sufficient con-

ditions. This means we can further simplify the algebraic Rainich conditions for a fourth
rank tensor; as far as the quasilocal small sphere limit is concerned, we only need the
completely trace free condition or positivity (i.e., causal). This is an interesting result
which is valid in the quasilocal small sphere region.

8 Conclusion

Either completely traceless or causal is enough to fulfill the algebraic Rainich conditions.

END
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