Algebraic Rainich conditions for the fourth rank tensor V

Lau Loi So
Department of Physics, National Central University, Chung Li 320, Taiwan
(ERE2010 6-10 September 2010 at Spain)

Abstract

Algebraic conditions on the Ricci tensor in the Rainich-Misner-Wheeler unified
field theory are known as the Rainich conditions. Penrose and more recently
Bergqvist and Lankinen made an analogy from the Ricci tensor to the Bel-Robinson
tensor Bg,., a certain fourth rank tensor quadratic in the Weyl curvature, which
also satisfies algebraic Rainich-like conditions. However, we found that not only
does the tensor B, g, fulfill these conditions, but so also does our recently proposed

tensor Vi,,,,, which has many of the desirable properties of B,g,,,. For the quasilo-
cal small sphere limit restriction, we found that there are only two fourth rank
tensors, Bygu and Vg, which form a basis for good energy expressions. Both of
them have the completely trace free and causal properties, these two form neces-
sary and sufficient conditions. Surprisingly either completely traceless or causal is
enough to fulfill the algebraic Rainich conditions.



1 Introduction

We define the 4th rank Bel-Robinson tensor, proposed in 1958, as follows

Bozﬁpw = RaAuaRﬁ>\V0 + *Roz)\ua * Rﬁ)\ya

1
— Roz)\,uaRﬁAVO + Roz)\yaRﬁ)\ua — 8gaﬂg/u/R2- (1)

where %R\, is the dual of R\, and R? = RPMTRPMT. Here we propose an unique
alternative 4th rank tensor for the non-negative gravitational energy in the quasilocal limit

Vs = Baguw + Wapw # Bapuw, (2)
in general, where
3 Ao Ao 1 2
Was = (BauoBs™ + RanneRsu™) + (9angow + Javgop = 29ap9w)R7, - (3)
Analog of the electric £, and magnetic part H,, are defined in terms of the Weyl tensor
E. = Curo, Hup = *Cuoo, a,b=1,2,3. (4)

The positive gravitation energy density for both B,g,, and V3, are
Boooo = Voooo = EaE™ + Hy H > 0. (5)

In the small region P, o< Bo00 = Voo = (EabEab + Hy H®, 2e.0 B H bd).
Since we want P? > |P| > 0, then causal condition E;E® 4+ H,,H® > 2€. B H?;



2 Algebraic Rainich conditions

In 1925 Rainich proposed a unified field theory for the geometrization of the electromag-
netic field. The basic idea is from the Einstein-Maxwell field equations:

1 1
Raﬁ — 29a5R = —8m (Foé)\FﬁA — 4g@5Fp>\Fp/\> . (6)

where R, is the 2nd rank Ricci tensor and Fj,g is the electromagnetic field tensor. Taking
the trace of (6), one finds R“, = R = 0. Then rewrite (6)

1 o

R(w = —87 (FagFga — 49046Fp0F'0 ) . (7)
Using this, one can obtain the following
1

RR3 = 49@5RMRM. (8)

Therefore the algebraic Rainich conditions can be written as

1

RoARg" = gopRpR™, R =0, Ry >0, (9)

where the last condition is to ensure positive energy.



3 Fourth rank Algebraic Rainich conditions

Penrose replaced the Ricci tensor by stress tensor 7,5 using the Einstein field equation
1

R,Lw — 2g,LwR — /{Tuy (10)
Rewrite the algebraic Rainich conditions as follows
1
ToTs" = 9asTp ™, T =0, T 20, (11)

Furthermore, analog from 2nd to 4th rank tensor, B,g,, is the first tensor satistying the
algebraic Rainich conditions [Penrose; Bergqvist and Lankinen CQG 2004 21 3499].

1
BaAaTBﬁ/\UT — 49&5Bp)\aTBp/\UT7 0= Bppm’ — BpO',OT — e BOOOO > Oa (12)

where Boyor = Baror) (i-e., completely symmetric). Moreover, our recently proposed
Vasu also satisfies these algebraic Rainich conditions

1
wmwm:fmmmwmzo:v%fﬂmwzw Voooo > 0, (13)

where ‘/(04)\)(07') = ‘/(O'T)(CY/\) and VppO'T =0= Vpapﬁ but Voor 7é ‘/(a/\aT)-

Footnote: We found that the first condition is an identity for (12) and (13). The de-
tail in on next slide.



4 Two basic components of the fourth rank tensor

Edgar and Wingbrant [JMP 2003] found the one-quarter identity

1

Raﬁ)\/@RagTﬁRﬁﬂ)\vRaﬂTv — 4gaﬁRp§>\mRag7'HRp7r/\’yR(mT77 (14)
1

RaﬁAmRagTﬁRﬁﬂTvaﬂv — 4g&ﬁRp§AmR0§TﬁRp7rTvRaﬂ)ﬂ- (15>

We found that the above two are not the only cases that satisfy the one-quarter property,

but for any combination
1
MaAJTMﬁ)\OT — 49&5uyMp>\aTMp)\aTa (16)

where M\, 18 any tensor quadratic in the Riemann curvature, non-vanishing in vacuum.

For any fourth rank tensor, Deser |arXiv:gr-qc/9901007] stated that there are only two
basic components. We use the following as the representation:

(Ropror RO, (Rypor % RPT)2. (17)
In particular [M Iihoshi and S V Ketov, Advances in High Energy Physics Volume 2008,
1B pyr BT = (Roror RV 4 (Ryror % ROV (18)

Moreover, we found
2B 2or BT = (Rppgr R — 2R xRy R, RTTHY. (19)

The Deser paper does not contain ‘2" at the last term.
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1
Moz)\JTMB)\UT — 49045,LWM,0)\07MW\077 (22)

where M\, 18 any tensor quadratic in the Riemann curvature, non-vanishing in vacuum.

For any fourth rank tensor, Deser |arXiv:gr-qc/9901007] stated that there are only two
basic components. We use the following as the representation:

(Ropror RO, (Rypor % RPT)2. (23)

In particular [M Iihoshi and S V Ketov, Advances in High Energy Physics Volume 2008,

4B )7y BT = (Rypor BT 4+ (Ropror * RP77)? = 16R 0o RoS "R, R (24)
Moreover, we found

2Bror BT = (Rprgr BT — 2R 2w Ry R 1y RTTH . (25)

The Deser paper does not contain ‘2" at the last term.
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6 Completely traceless imply positivity or causal

There are 4 basic quadratic Riemann tensors in the small region limit [Deser CQG 1999,
we use our own notation

~ ~

Bocﬁ/w — Roz)\/wRﬁAua + Roz)\uaRﬁ)\,uUa Kaﬁ/w — Roz)\ﬁaRu/\ua + Roz)\ﬁaRV)\uaa

. - 1
Sozﬁ,uu — Rozp)\aRﬁu)\a -+ Rcw)\aRﬁ,u)\Ja Tocﬁ,uv — _SQQﬁQMVRp)\OTRp)\JT- (26)
Consider the combination for totally traceless:
~ ~ ~ ~ 1
0= alBaa/w + GQSaa/u/ + OJSKaoz/w —+ a4Taauu — 2(6L1 + Qg — a4)guuR27 (27)

~ ~ ~ - 1
0= alBa,uow + QZSQMQV + af3KOé,uow + a’4T&/LCYV — 8(a1 — 2a3 + 3az — a4)guuR27 (28)
where a; to a4 are constants. The solutions are
ay = a1 + as, a9 = as. (29)

Consider the linear combination of these 4 fundamental tensors, we found By g, and Vg,
are the unique tensors that have the completely traceless property and imply positivity

alBaﬁ/w + CIQSO@ﬁ,uV -+ a3Ka6/w + a4Taﬁ,uV
= <Ba5/w + TaﬁuV) + a2(SoaﬁW + Koeﬁ/w + Tozmw)
— aleozﬁ,w/ —+ aQVaB,uI/' (30)



7 Positive or causal implies completely traceless

Counter example for satisfying positive energy but not fulfilling completely traceless,

1
onﬁ/w — Roz)\ﬁaR,u)\yaa XOOOO — EabEab > O: X&,ucw — 4g/wR2 7é 0. (31)

Returning back to causal, consider the energy-momentum integral in a quasilocal small
sphere with constant time evolution of the hypersurface. Note that the fourth rank tensor
Xopuw needs to be symmetric at the last two indices because of the small sphere limit

N{P, = [ NFX? ca’a"n, = [ NFXO eontainy = [ NFXY o' e!dV

2 2 4 5)
= [ NUXO AV = | NPXO Sy = NYXO,
4 4qrr®
= N¥ (XOMO‘Q o XOUOO> 15 — NMXONOO 15 ) (32)

where we made the assumption that Xg,,“ vanishes and fulfills causal. Consider the re-
quirement for the energy-momentum being future pointing and non-spacelike (i.e., causal)
in the small sphere limit :

a1l§uozl T CLQSMOZZ + asf(uozl + @4@0/
— a)(—2E4E" + 4AH H?, 2e, E“"H’)) + ay(—4E 4, E + 4H,H®, 0)
+a32E4E™, 2.0 E°"H) + a4(3E,4,E™ — 3H,,H™, 0)
= (—2a1 — 4as + 2a3 + 3a4) E4E™ + (4a1 + 4as — 3as)Hypy H + (2a1 4 2a3) €y BT H'y.
Causal requires the magnitude of E,,E® and H,,H® to be the same and the energy is
greater than or equal to the momentum. After some simple algebra, we found
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a1 B’ + asS,0’ + asK o' + asTyol' = a1 Buooo + asVieoo = (a1 + a3) Buooo,  (33)

where we require a; + agz > 0.

Hence, the completely traceless and causal properties form necessary and sufficient con-
ditions. This means we can further simplify the algebraic Rainich conditions for a fourth
rank tensor; as far as the quasilocal small sphere limit is concerned, we only need the

completely trace free condition or positivity (i.e., causal). This is an interesting result
which is valid in the quasilocal small sphere region.

8 Conclusion

Either completely traceless or causal is enough to fulfill the algebraic Rainich conditions.

END



