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How CYK tensors appear in GR?

• Geometric defi nition of the asymptotic fl at spacetime strong asymptotic flatness,

which guarantees well defi ned total angular momentum

• Conserved quantities – asymptotic charges (I , i
0)

• quasilocal mass and “ rotational energy” for Kerr b lack hole

S pacetimes possesing CYK tensor:

• Minkowski (quadratic polynomials)

• (anti)deS itter (natural construction)

• Kerr (type D spacetime)

• T aub -N UT (new symmetric conformal Killing tensors)

O ther applications:

• S ymmetries of D irac operator

• S ymmetries of Max well equations
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Conformal Yano–Killing tensors

Let Qµν be a skew-symmetric tensor field. Contracting the Weyl tensor Wµνκλ with Qµν we obtain a

natural object which can be integrated over two-surfaces. The result does not depend on the choice of

the surface if Qµν fulfills the following condition introduced by Penrose

Qλ(κ;σ) − Qκ(λ;σ) + ησ[λQκ]
δ
;δ = 0 . (1)

one can rewrite equation (1) in a generalized form for n-dimensional spacetime with metric gµν :

Qλ(κ;σ) − Qκ(λ;σ) +
3

n − 1
gσ[λQκ]

δ
;δ = 0 (2)

or in the equivalent form:

Qλκ;σ + Qσκ;λ =
2

n − 1

(

gσλQν
κ;ν + gκ(λQσ)

µ
;µ

)

. (3)

Let us define

Qλκσ(Q,g) := Qλκ;σ + Qσκ;λ −
2

n − 1

(

gσλQν
κ;ν + gκ(λQσ)

µ
;µ

)

(4)

D efi nition 1. A skew-symmetric tensor Qµν is a conformal Yano–Killing tensor (or simply C Y K

tensor) for th e metric g iff Qλκσ(Q,g) = 0 .
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Other definitions of CYK tensors known also as Conformal Killing forms or T wistor forms:

A more abstract way with no indices of describing a CYK tensor can be found in literature: Moroianu,

Semmelmann or Stepanow, where it is considered as the element of the kernel of the twistor operator

Q → TwistQ

defined as follows:

∀X TwistQ(X) := ∇XQ −
1

p + 1
XydQ +

1

n − p + 1
g(X) ∧ d∗Q .

Q is a differential p-form on n-dimensional Riemannian manifold.

However, to simplify the exposition, we prefer abstract index notation which also seems to be more

popular.
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The CYK tensor is a natural generalization of the Yano tensor with respect to the conformal rescalings.

More precisely, for any positive scalar function Ω > 0 and for a given metric gµν we obtain:

Qλκσ(Q, g) = Ω−3Qλκσ(Ω3Q, Ω2g) . (5)

The formula (5) and the above definition of CYK tensor gives the following

Theorem 1. If Qµν is a CYK tensor for the metric gµν than Ω3Qµν is a CYK tensor for the

conformally rescaled metric Ω2gµν .

I t is interesting to notice, that a tensor Aµν — a “square” of the CYK tensor Qµν defined as follows:

Aµν := Qµ
λQλν

fulfills the following equation:

A(µν;κ) = g(µνAκ) with Aκ =
2

n − 1
Qκ

λQλ
δ
;δ (6)

which simply means that the symmetric tensor Aµν is a conformal Killing tensor. This can be also

described by the following

Theorem 2. If Qµν is a skew-symmetric conformal Yano– Killing tensor than Aµν := Qµ
λQλν is a

symmetric conformal Killing tensor.
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Remark CYK tensor is a solution of the following conformally invariant equation (n = dim M = 4 ):

(

2 +
1

6
R

)

Q =
1

2
W (Q, ·)

R := Rµνgµν – scalar curvature, Rµν – symmetric Ricci tensor.

Moreover, if Q is a CYK tensor and the metric is E instein then

Kµ := Qµλ
;λ

is a Killing vector field.

More precisely, one can show

K(µ;ν) =
n − 1

n − 2
Rσ(µQν)

σ

which always implies Kµ
;µ = 0 and the following

Theorem 3. If gα β is an E instein metric, i.e. Rµν = λ gµν , then Kµ is a Killing v ectorfi eld.
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Integrability condition

Qλκ
;µ

µ + Rσ
κλµQµ

σ + QσκRσ
λ +

2

n − 1
ξ(κ;λ) +

1

n − 1
gκλξµ

;µ = ∇µQµκλ −
n − 4

n − 1
ξκ;λ . (7)

For n = dim M = 4 eq. (7) implies the following equation for a CYK tensor Q:

∇µ∇µQλκ = Rσ
κλµQσ

µ − Rσ[κQλ]
σ (8)

It is interesting to point out that for compact four-dimensional Riemannian manifolds we have the

following

Theorem 4. Let M b e a compact (withou t b ou ndary) fou r-dimensional R iemannian manifold; then a

two-form Q is a CYK tensor iff

∇µ∇µQλκ = Rσ
κλµQσ

µ + Rσ[λQκ]
σ .
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Dowód. We need to show that equation (8) implies Qλκµ(Q, g) = 0 .

We derive

2

3
ξ(µ;λ) +

1

3
gµλξ

ν
;ν − Rσ(µQλ)

σ +
1

2
∇

σ
Qλσµ = 0 , 4ξ

µ
;µ + ∇

σ
Qνσµg

µν = 0 ,

which together with

2ξ
µ

;µ = Q
λκ

;λκ − Q
λκ

;κλ = 2Q
κσ

Rσκ = 0 (9)

and (7) gives

∇
µ
∇µQλκ + R

σ
κλµQ

µ
σ + Rσ[κQλ]

σ = ∇
µ
Qµκλ +

1

2
∇

σ
Qκσλ . (10)

Contracting the above equality with Q and assuming equation (8) we get

0 =

(

∇
µ
Qµκ λ +

1

2
∇

σ
Qλ σκ

)

Q
κ λ

= ∇
µ

(

Qµκ λ Q
κ λ

)

− Qµκ λ ∇
µ
Q

κ λ

= ∇
µ

(

Qµκ λ Q
κ λ

)

+
1

2
Qλ κ µQ

λ κ µ
. (11)

F in a lly , w e in te g r a te th e a b o v e f o r m u la o v e r M , a to ta l d iv e rg e n c e d r o p s o u t, a n d th e in te g r a l
∫

M

√

d e t gQλ κ µQ
λ κ µ

v a n is h e s . T h is im p lie s Qλ κ µ
= 0 .

A s im ila r r e s u lt h o ld s f o r a p- f o r m Q in 2p- d im e n s io n a l M .
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Let us restrict ourselves to four-dimensional manifold (n = 4). The H odge-dual of Qµν defi ned as

follows

∗Qκλ =
1

2
εκλ

µνQµν .

gives also a two-form. M ultiplying C Y K eq uation

Qλκ;σ + Qσκ;λ =
2

n − 1

(

gσλKκ − gκ(λKσ)

)

by 1
2εαβλκ we get:

∗Qαβ;σ =
2

3
gσ[αχβ] +

1

3
εαβσκKκ , (12 )

where χµ := ∗Qν
µ;ν and Kµ = Qν

µ;ν . M ultiplying the above eq uality by 1
2εµναβ , we obtain a similar

formula:

Qµν;σ =
2

3
gσ[µKν] −

1

3
εµνσβχβ . (13 )

Finally, symmetriz ation of indices α and σ in (12 ) gives:

∗Qαβ;σ + ∗Qσβ;α =
2

3

(

gσαχβ − gβ(αχσ)

)

,

which implies the following

Theorem 5. Qµν is a CYK tensor iff ∗Qµν is a CYK tensor.
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In particular, it implies that Einstein manifolds possessing non-trivial CYK tensors should admit two

Killing fields Kµ = Qν
µ;ν and χµ = ∗Qν

µ;ν . They sometimes vanish which simply means that CYK

tensor or its dual is a usual Yano tensor.

For any two-form Qµν we have the following identity:

∇λ

(

WµλαβQαβ

)

=
2

3
WµλαβQαβλ . (14 )

More precisely,

∇λ

(

WµλαβQαβ

)

= ∇λ

(

Wµλαβ
)

Qαβ + Wµλαβ∇λ (Qαβ) .

and first term vanishes for spin-2 field W , but the second one equals to right-hand side of (14 ) because

of the symmetries of W . This implies that for any CYK tensor Qµν we have

∫

∂ V

WµνλκQλκdSµν =

∫

V

(WµνλκQλκ);νdΣ µ =

=

∫

V

(Wµνλκ
;νQλκ + WµνλκQλκ;ν)dΣ µ = 0 .

The above equality implies that the fl ux of the quantity WµνλκQλκ through any two closed

two-surfaces S1 and S2 is the same if there is a three-volume V between them (i.e. if ∂ V = S1 ∪ S2).

W e define the charge corresponding to the specific CYK tensor Q as the value of this fl ux

CYK-review Slide 10

10



Spin-2 field

Let us start with the standard formulation of a spin-2 field Wµανβ in Mink owsk i spacetime equipped

with a flat metric ηµν and its inverse ηµν . The field W can be also interpreted as a Weyl tensor for

linearized gravity.

D efinition 2. The following properties:

Wµανβ = Wνβµα = W[µα][νβ], Wµ[ανβ] = 0, ηµνWµανβ = 0 (15 )

c an b e u sed as a defi nition of spin-2 fi eld W .

The ∗– operation defined as

(∗W )αβγ δ =
1

2
εαβµνWµν

γ δ , (W ∗)αβγ δ =
1

2
Wαβ

µνεµνγ δ

has the following properties:

(∗W ∗)αβγ δ =
1

4
εαβµνWµνρ σερ σγ δ , ∗W = W ∗, ∗(∗W ) = ∗W ∗ = −W ,

where εµνγ δ is a Levi– Civita sk ew-symmetric tensor and ∗W is called dual spin-2 field.

The ab ov e form u lae are also v alid for general L orentz ian m etric s.
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Moreover, Bianchi identities play a role of field equations and we have the following

Lemma 1. Field equations

∇[λWµν]αβ = 0 (16 )

are equivalent to

∇µWµναβ = 0 or ∇[λ
∗Wµν]αβ = 0 or ∇µ ∗Wµναβ = 0 .

The equations in the above Lemma are also valid for any R icci flat metric and its Weyl tensor.
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