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Reformulation of ADT charge

I Assume a generic quadratic gravity theory coupled to a matter
source τab with a coupling κ [6]

Φab(g, R , ∇R , R2, · · · ) = κτab . (1)

I Decompose the metric as gab = ḡab + hab , where we assume
ḡab solves the field equations. Then the field equations can be
written as

Φab = Φ̄ab + (Φab)L + O(h2) + · · · , (2)

I All higher order terms and τab are included in total energy
momentum tensor (matter+field) Tab then (2) reads

(Φab)L = Tab . (3)



Reformulation of ADT charge

I Contracting with the background Killing vector ξ̄b one can
define a surface charge

if ∇̄b(Tab ξ̄a) = 0 conserved.

Qb(ξ̄) =

∫
Σ

√
−gTab ξ̄a dxn−1 =

∫
Σ
∇̄aF ab dxn−1 =

∫
∂Σ

F ab dSa ,

where F ab is a 2-form.



Calculation details

I We will deal with the action

I =

∫
dDx
√
−g

{
1
κ

(R + 2Λ0) + αR2 + βRabRab
}
. (4)

Which leads to equation of motion

Tab =
1
κ

(
Rab −

1
2

gabR − Λ0gab

)
+ 2αR

(
Rab −

1
4

gabR
)

+ (2α + β) (gab� − ∇a∇b) R

+ β�

(
Rab −

1
2

gabR
)

+ 2β
(
Racbd −

1
4

gabRcd

)
Rcd .

(5)

I Notice that when linearized, this equations will have fourth
order derivatives hitting on hab .



Calculation details

I For the Einstein-Hilbert term one has charge+extra terms, as

ξ̄b(G ab)L = ∇̄b

 5∑
i=1

Qab
i

 − Ḡ abhbc ξ̄
c +

1
2
Ḡcd ξ̄

ahcd −
1
2

hξ̄b Ḡ ab

Extra

.

(6)

I So whatever one have as an extra term other than charges,
those must be in the form of Extra. For example

ξ̄bα(Aab)L = α∇̄b

 n∑
i=1

Fab
i

 − αĀabhbc ξ̄
c + α

1
2

Ācd ξ̄
ahcd − α

1
2

hξ̄b Āab

(7)

where

αĀab ≡ α

[
2R̄R̄ab −

1
2

ḡabR̄2 + 2ḡab �̄R̄ − 2∇̄a∇̄bR̄
]
,



AdS limit

I After cumbersome calculations and finding charges, first thing
to check is the already known AdS limit [6]

Qab
α = 2R̄Qab

E + 2(∇̄cR̄)ξ̄[bha]c + 4ξ̄[a∇̄b]RL + 2RL ∇̄
[a ξ̄b]

(8)

Qab
AdS

= constant × Qab
E + 4ξ̄[a∇̄b]RL + 2RL ∇̄

[a ξ̄b] (9)

I As easily seen third term in general background vanishes in
AdS and constant depends on dimension. β terms are too
cumbersome.

I Since we didn’t specified deviation hab explicitly, charge must
be invariant under a transformation

hab → hab + 2∇̄(aζb) (10)

generated by a vector ζb .



Applications in NMG

I The “cosmological” New Massive Gravity [10] is given by

S =
1

16πG

∫
d3x
√
−g

[
R − 2λ −

1
m2

(
RabRab −

3
8

R2
)]
,

(11)

by identifying constants with ours (κ, α, β) one can compute
the charge easily.

I BTZ blackhole [9] can be written as

ds2 = N2dr2 − N−2dt2 + r2
(
dφ + Nφdt

)2
(12)

where N(r) =

(
−8GM +

r2

`2 +
16G2J2

r2

) 1
2

, Nφ = −
4GJ
r2 .

(13)



Applications in NMG

I The limit M, J → 0 gives us the background and the difference
with the whole metric leads to the deviation. Inserting those in
our charge definition leads to

MBTZ = M, JBTZ = J. (14)

Whereas in [5] they found vanishing mass and angular
momentum using boundary stress tensor method.

I Another blackhole solution to NMG is given by Clement [4] as

ds2 = −
4ρ2

l2f(ρ)
dt̄2 + f(ρ)

[
qϕ̄ −

ql ln |ρ/ρ0|

f(ρ)
dt̄

]2

+
l2dρ2

4ρ2

(15)

(f(ρ) = 2ρ + ql2 ln |ρ/ρ0|). (16)

I This blackhole has AdS background therefore can be
calculated by Deser-Tekin definition. Our results agree with
the one in [4].



Applications in NMG

I Finally the Lifshitz blackhole in 3 dimensions [1]

ds2 = −
r6

`6

(
1 −

M`2

r2

)
dt2 +

dr2(
r2

`2 −M
) +

r2

`2 dx2. (17)

I This blackhole has Lifshitz background, which is not constant
curvature. Therefore the charge definition given by
Deser-Tekin will not work here.

I With our extension charge of Lifshitz reads MLifshitz =
7M2

8G
.

I With boundary stress tensor method [5] it is found

MLifshitz =
M2

4G
.

I One needs the Gauss-Bonnet term to calculate charges of
higher dimensional Lifshitz blackholes [2].
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