Linear perturbations of a Schwarzschild black
hole by thin disc

P. Cizek, O. Semersk

Institute of Theoretical Physics
Faculty of Mathematics and Physics
Charles University

September 8, 2010

P. Cizek, O. Semerak Linear perturbations of a Schwarzschild black hole by thin disc



Basic concepts Pressure-free fluid disc
Einstein’s equations

Background metric

» Axially symmetric metric
ds? = —e?dt?+r*B% % sin® O(dp—wdt)>+e* =2 (dr? + r2d6?) .
» The Energy-momentum tensor of the thin disc

e = e2V—2<S[,‘(r)5(COS 0)’
r

where the surface energy-momentum tensor can be written as
SH =outu

» Velocity of the fluid:

Ut = le_ (1,0,0,9),

where v = rsinBe 2"(Q — w).
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Basic concepts

Pressure-free fluid disc
Einstein’s equations

Background metric

There are only 5 independent Einstein field equations:

>

V - (rsin(theta)VB) =0,

but B only changes coordinates so it can be chosen.

r?sin2 B3
264V

o(1+ v?) &(cos )
1—v2 ro

V- (BVv) - (Vw)? = 47B

ov d(cos 0)
e(1—v2) r 7

V-(r?sin?0B%e % Vw) = —167r sin B>

» The other two contain only first derivatives of ¢ and can be
used to calculate this metric function. It can be also shown
the integrability condition is satisfied for the vacuum
space-times.
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Basic concepts Pressure-free fluid disc

Einstein’s equations

Background metric

As a background we will use the Schwarzschild black hole in the
isotropic coordinates

2r — M\ ? M\*
ds? = — <2:W> dt?+ (1 + Z) (dr2 + r2d#? + r?sin? 9d¢2) ,

corresponds to

M2
B = —,
472
| 2r— M
vp = In—m+
0 2r+ M’
wo = 07
(o = InB. (1)
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Linearized Einstein equations
Expansion of the perturbation
Disc solutions

Solution of the linearized equations

Linearized version of the important equations

r?sin”0B° (1+v ) 5(cos€)
V'(BVVl)—W[Vwo Ve —4v1(Vwp)?] = 47B —— y :

1) 0

V-[r?sin? §B3e~*0(Vw; —411 V)] = —167r sin 952e2m (‘;V_ 5 (CC:S )

however in the case of static background wg = 0 thus the
equations for 11 and wy are decoupled.
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Linearized Einstein equations
Expansion of the perturbation
Disc solutions

Solution of the linearized equations

We will use expansion of the first order perturbation

v =3 1j()P;(cos(6)),
j=0

w1 = Zwlj )T/ (cos(6)).

where x is new radial coordinate
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Linearized Einstein equations
Expansion of the perturbation
Disc solutions

Solution of the linearized equations

The coefficients of the expansion must satisfy

d d
& |:(X2 — 1)&V1/:| — /(/ + 1)1/1/ = R/ s

d d x+1)3
& |:(X—|— 1)4&0)1/] — %/(/4—3)&)1/ = S/,

where S; and R, stands for

1+ v2

R/ = 2(2/ + 1)7TP/(0)I’O'(I’)m s

7 T2(0)(21 +3) (2r + M)? o(r)v

X MR )+ 2) @r—M) T2
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Linearized Einstein equations
Expansion of the perturbation
Disc solutions

Solution of the linearized equations

The Green's functions of the problem (considering the asymptotic
flatness and finity of the perturbation on the horizon) can be found
quite easily

v n | —Qi(x)Pi(x") for x>x
G/ (xx) = {—PJJ‘(X)Qj'(X’) for x < x'’

where P; and Q; stands for the Legendre functions of the first and
second kind. Analogously we obtain

o(x ) = { ~GIF(X) for x>
Gj(X’X)_{—Fj(X)Gj(X’) for x < x'’

where

1
Fi(x) =2k <—/,/+ 3,4, X; )

and

6 = Fit) | FEOPE+ 1F
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Linearized Einstein equations
on of the perturbation
Disc solutions

Solution of the linearized equations

The Greens functions ale generally enough to formally calculate the
perturbation for an arbitrary mass distribution on the disc.
However the real integration is quite complicated and has to be
done numerically.

Now we are going to look more closely on the case of the disc
consisting of the circulary orbiting particles. In the first order of
perturbation it's velocity will be

VMr

vV =

r—4

Inserting this into the r.h.s. of the Einstein's equations we will
obtain

Ry = 2n(2/ 4+ 1)P;(0)xx(x) ,

3/2
nT,;77(0)(2/ + 3) 3
= 1
() (R R

where x(x) = 50 (r). Clearly r.h.s is zero for odd /.
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Linearized Einstein equations
Expansion of the perturbation
Disc solutions

Solution of the linearized equations

Generally even this case is too complicated to be integrated
explicitly. However if £(x) is even polynomial it can be done. The
particular solutions can be found in the form

Part

9] ¢ .
= J; 10+1)— G+ 1)PJ(X)’

where ¢j; are the coefficients of expansion of R; into the Legendre
polynomials and

VX F+1+2
r1-v2)

where C; are some constants and A,(x) are polynomials.

WPt = A/(x)(x +1)72 + GF(x)In
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Solution of the linearized equations

Disc solutions

These particular solutions still does not describe physically
reasonable solutions, because:
» Describes disc that extends to the black hole horizon, however
these is a region, where the stable circular orbit does not exist.
» This solution is not asymptotically flat.
However we can use the “cut and glue” technique restrict this disc

to the bound region. More precisely we will consider the disc
between radii rimi, and rmax which leads to the perturbation in the

form
A< Pi(x) for X < Xmin
vir =S ApPi(x) + BpQi(x) + v{"(x)  for  xmin < X < Xmax
B- Qi(x) for X > Xmax

where A, Ap, Bp and B~ are constants determined by
requirement of continuity of the function and its first derivations at
the rim of the disc. The case of wy; is analogous.
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Numerical examples

8e-05

xX(x) = fgo—_o)(;i)' M=1,
Fmin = 5 and rmax = 6.
— 1 o(r)
l:—v(r)=15,14,...,0.1

N ow(r)-10=18,7,...,1

6e-05

—

=) A

tho
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Numerical examples

_ (x*-60) 100—x2
X(x) = 100000000 + 10000000

M =1, rymin = 5 and 3
rmax = 10. .
— : o(r)

| :—v(r)=0.20,0.18,...,0.02
N w(r) 107 =10,9,...,1

20

=

Y L=

)
tho
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Numerical examples

6e-08

_ 1 _
X(x) = 1o000006: M = 1. -
Fmin = 5 and rpax = 6. ot
— 1 o(r) s

} :—v(r)=0.20,0.18,...,0.04
N w(r)-10° =10,9,...,1

2008

1e-08

=

[ 1 3 6 B 10
tho
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Conclusion

Conclusion:

» We were able to obtain first perturbation of the metric
functions for a class of mass distributions.

» Because of the nature of harmonic functions it is a problem to
obtain higher orders of perturbation in the mass.

» Expansion into the harmonic series simplifies the equations a
lot, however it is not suited well for the numerical calculations
with the thin disc source.
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