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Relativistic Astrophysics and Numerical Relativity Outline

Outline

• A brief history of numerical relativity
◦ spherical symmetry
◦ axisymmetry
◦ no symmetries...

• Obstacles in 3D numerical relativity
◦ formulations of Einstein’s equations
◦ treating black hole singularities

• Binary black holes
◦ black hole recoil
◦ black hole spin
◦ consequences for galaxy mergers

• Binary neutron stars / mixed binaries
◦ the central engines of short gamma-ray bursts?

• New/future developments
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Relativistic Astrophysics and Numerical Relativity Spherical Symmetry

Spherical Symmetry

• Hydrostatic equilibrium

=⇒maximum mass of neutron stars

• Hydrodynamics

[May & White, 1966]

=⇒ stellar collapse,
supernovae

• Critical collapse, boson stars...
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Relativistic Astrophysics and Numerical Relativity Axisymmetry

Axisymmetry

• Rotating stars: equilibrium models
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Relativistic Astrophysics and Numerical Relativity Axisymmetry

• Rotating stars cont...

◦Motivated by questions about quasars, pulsars, millisecond pulsars...
=⇒maximum masses, spin rates etc. for uniform and differential rotation
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Relativistic Astrophysics and Numerical Relativity Axisymmetry

Other calculations in axisymmetry

• Collapse of rotating stars:
stability, collapse to black hole
[Evans, 1986]

• Stellar clusters:
equilibrium and stability
[Shapiro & Teukolsky, 1991]

• Head-on collision of black holes
[Smarr et.al., 1976; Shapiro & Teukolsky, 1992;
Anninos et.al., 1993]

[Matzner et.al., 1995]
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Relativistic Astrophysics and Numerical Relativity Axisymmetry

=⇒ a new motivation for
numerical relativity...
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Relativistic Astrophysics and Numerical Relativity Numerical Relativity and Gravitational Radiation

Numerical Relativity and Gravitational Radiation

Figure 9: Upper part: The inspiral and collision of two black holes orbiting each other. Lower part:
Schematic graph of the gravitational waveform emitted by the holes.

• Prediction 2: Sometime between 2002 and 2008 (i.e., before LISA’s 2010 launch), earth-based
gravitational-wave detectors will watch black holes collide and watch their collisions trigger
wild vibrations of spacetime warpage. By comparing the observed waves with supercomputer
simulations, we will discover how the warpage behaves when it interacts with itself dynamically
and nonlinearly.

When water waves become so high that they “interact with themselves dynamically and nonlinearly,” the

result can be the breaking, crashing froth that topples and engulfs surfers — or it can be an enormous tidal

wave that travels across oceans at high speed, hits shores, and wreaks havoc. The analogous nonlinear, dy-

namical behavior of spacetime warpage is largely a mystery today. By combined gravity-wave observations

and supercomputer simulations we hope to discover it.

The vehicle for our discovery, a collision between two black holes in the distant universe, is depicted in

Figure 9. Each hole is like a tornado. Spacetime whirls around its horizon like air whirling around a

tornado’s core. And as the holes orbit each other, their huge orbital angular momentum also drags spacetime

into a whirling motion, so we have two tornados embedded in a third larger tornado and crashing together,

and we want to know what happens when the tornados are made not from whirling air, but from a whirling

spacetime warpage. To learn the answer will require a three-pronged attack: supercomputer simulations,

gravitational-wave observations, and detailed comparison of the simulations and observations.

The simulations are being pursued by about fifty scientists in Europe, the United States, and Japan. These

scientists are called numerical relativists because they are attempting to solve Einstein’s general relativity

10

[Thorne, 2002]

• Numerical relativity key tool for understanding transition from binary inspiral to
ringdown
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Relativistic Astrophysics and Numerical Relativity Numerical Relativity and Gravitational Radiation

=⇒ Prediction of gravitational waves from compact binary merger becomes prime
motivation for development of 3D numerical relativity

[Anninos et.al., 1993]

[Shibata & Nakamura, 1995]

[Baumgarte & Shapiro, 1998]

[Brügmann et.al., 2004]

[Pretorius, 2005]

[Campanelli et.al., 2006]

[Baker et.al., 2006]
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Relativistic Astrophysics and Numerical Relativity Obstacles in 3D Numerical Relativity

Obstacles in 3D Numerical Relativity

• Formulations of Einstein’s equations

• Treatment of black hole singularities
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Relativistic Astrophysics and Numerical Relativity Formulations of Einstein’s equations

Formulations of Einstein’s equations

Einstein’s equations
Gαβ = 8πTαβ

for metric
ds2 = −α2dt2 + γij(dxi + βidt)(dxj + βjdt)

can be split into (“3+1” decomposition)
• constraint equations (like “div” equations in E&M)

R + K2 −KijK
ij = −16πρ (Hamiltonian constraint)

Di(K
ij − γijK) = 8πjj (Momentum constraint)

• evolution equations (like “curl” equations in E&M)

d

dt
γij ≡

(
∂

∂t
− Lβ

)
γij = −2αKij

d

dt
Kij = −DiDjα + α(Rij − 2KikK

k
j + KKij − 8πMij)

=⇒ “ADM” formulation [Arnowitt, Deser & Misner, 1962; York 1979]

=⇒ numerical implementations become unstable and crash
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Relativistic Astrophysics and Numerical Relativity Formulations of Einstein’s equations

Reformulating Einstein’s equations

Can reformulate Einstein’s equations by

• introducing new auxiliary variables
(e.g. Γ̄i ≡ γ̄jkΓ̄i

jk in BSSN formulation)

• adding constraints to evolution equations

How can this affect numerical behavior???

• mathematical properties:
◦ constraints contain as high derivatives as evolution equations
◦ adding constraints to evolution equations affects principle operators
=⇒ some reformulations are strongly or symmetric hyperbolic, while ADM is not
=⇒ these reformulations are well-posed, while ADM is not
[Alcubierre, 2008]

• consider constraint violations:
◦ exact solutions must satisfy all reformulations of Einstein’s equations,
◦ but constraint violations may behave very differently
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Relativistic Astrophysics and Numerical Relativity Formulations of Einstein’s equations

Evolution of constraint violations in electromagnetism

Can write Maxwell’s equations as

∂tAi = −Ei −DiΦ
∂tEi = −DjDjAi + DiD

jAj − 4πji

(with Bi = εijkD
jAk) with constraint equation

DiE
i = 4πρ.

Define constraint violation
C ≡ DiE

i − 4πρ

Exercise 1

Show that the constraint violations C satisfy

∂tC = 0.
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Relativistic Astrophysics and Numerical Relativity Formulations of Einstein’s equations

“BSSN” formulation of electromagnetism

Introduce auxiliary variable Γ ≡ DiA
i. Then

∂tEi = −DjD
jAi + DiΓ− 4πji

and

∂tΓ = ∂tDiA
i = −DiE

i −DiD
iΦ

= −DiD
iΦ− 4πρ

Exercise 2

Show that the constraint violations C
now satisfy the wave equation

(−∂2
t + DiD

i)C = 0.

[Knapp et.al., 2002]

Similar analysis in general relativity explains numerical stability properties of formu-
lations in terms of propagation of constraints

[Alcubierre et.al., 2000]
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Relativistic Astrophysics and Numerical Relativity Formulations of Einstein’s equations

Reformulations of Einstein’s equations

Some successful formulations of Einstein’s equations:

• BSSN formulation
[Nakamura et.al., 1987; Shibata & Nakamura, 1995; Baumgarte & Shapiro;
1998]

• Generalized harmonic formulation
[Friedrich, 1985; Garfinkle, 2002; Pretorius, 2005; Lindblom et.al., 2006]

• Z4 formulation (see Carles Bona’s talk)
[Bona et.al., 2003]
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Relativistic Astrophysics and Numerical Relativity Treating the black hole singularity

Treating the black hole singularity

• Black hole excision:
excise black hole interior from numerical grid
[Unruh, 1984; Seidel & Suen, 1992; Alcubierre & Brügmann, 2001; Pretorius,
2005]

• Moving-puncture method:
use 1+log slicing [Bona et.al., 1995] and Γ̄i-freezing [Alcubierre et.al., 2003]
[Campanelli et.al., 2006; Baker et.al., 2006]
=⇒ evolution of Schwarzschild settles down
into “trumpet” geometry
=⇒ slices do not reach singularity at R = 0
[Hannam et.al.., 2007, 2008]
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Relativistic Astrophysics and Numerical Relativity Simulations of binary black holes

Simulations of binary black holes

[Pretorius, 2005]
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Relativistic Astrophysics and Numerical Relativity Simulations of binary black holes

Gravitational waves from binary black holes

Figure 9: Upper part: The inspiral and collision of two black holes orbiting each other. Lower part:
Schematic graph of the gravitational waveform emitted by the holes.

• Prediction 2: Sometime between 2002 and 2008 (i.e., before LISA’s 2010 launch), earth-based
gravitational-wave detectors will watch black holes collide and watch their collisions trigger
wild vibrations of spacetime warpage. By comparing the observed waves with supercomputer
simulations, we will discover how the warpage behaves when it interacts with itself dynamically
and nonlinearly.

When water waves become so high that they “interact with themselves dynamically and nonlinearly,” the

result can be the breaking, crashing froth that topples and engulfs surfers — or it can be an enormous tidal

wave that travels across oceans at high speed, hits shores, and wreaks havoc. The analogous nonlinear, dy-

namical behavior of spacetime warpage is largely a mystery today. By combined gravity-wave observations

and supercomputer simulations we hope to discover it.

The vehicle for our discovery, a collision between two black holes in the distant universe, is depicted in

Figure 9. Each hole is like a tornado. Spacetime whirls around its horizon like air whirling around a

tornado’s core. And as the holes orbit each other, their huge orbital angular momentum also drags spacetime

into a whirling motion, so we have two tornados embedded in a third larger tornado and crashing together,

and we want to know what happens when the tornados are made not from whirling air, but from a whirling

spacetime warpage. To learn the answer will require a three-pronged attack: supercomputer simulations,

gravitational-wave observations, and detailed comparison of the simulations and observations.

The simulations are being pursued by about fifty scientists in Europe, the United States, and Japan. These

scientists are called numerical relativists because they are attempting to solve Einstein’s general relativity

10

[Thorne, 2002]

holes with minimal eccentricity, as gravitating binary sys-
tems of comparable-mass objects are expected to circular-
ize rapidly through the emission of gravitational radiation.
We have selected an initial black-hole configuration with
the relatively low eccentricity of less than 1%, as measured
below.

Figure 1 shows the gravitational-wave strain generated
by our highest-resolution numerical run and that predicted
by the PN approximation with 3.5PN phasing [14,15] and
2.5PN (beyond leading order) amplitude accuracy [16].
The waves are based on the dominant l ! 2, m ! 2 spin-
weighted spherical harmonic of the radiation, and repre-
sent an observation made on the system’s equatorial plane,
where only one polarization component contributes to the
measured strain. The initial phase and time of the waves
have been adjusted so that the frequency and phase for each
waveform agree at a point, t ! "1000M, that is early in
the simulation, but after transient effects from the initial
data have subsided. We will quantify the phase agreement
below using the frequency domain, so that the time shift-
ing, done for illustrative purposes in Fig. 1, will have no
impact on the subsequent analysis.

To conduct comparisons with PN calculations, we need
to extract an instantaneous gauge-invariant polarization
phase ! and angular frequency ! from our simulations.
These are derived from the gravitational-wave strain’s first
time derivative, which is a robust quantity in the numerical
data. This frequency corresponds to the sweep rate of the
polarization angle of the circularly polarized gravitational
wave that can be observed on the system’s rotation axis.

We define eccentricity as a deviation from an underlying
smooth, secular trend. We obtain a monotonic ‘‘secular’’
frequency-time relation by modeling the waveform angular
frequency ! as a fourth-order monotonic polynomial

!c#t$, plus an eccentric modulation of the form d!#t$ !
!#t$ "!c#t$ ! A sin%!#t$&, where !#t$ is a quadratic
function of time. Fitting this equation to our data yields
A ! 8#'1$ ( 10"4M"1. For Keplerian systems, con-
served angular momentum is proportional to r2!, so the
eccentricity corresponds to half the fractional amplitude of
the frequency modulation: e ! A=#2!$. In our case the
eccentricity starts near 0.008, decreasing by a factor of 3 by
the time !cM) 0:15. We will compare our simulation
with noneccentric PN calculations, with the expectation
that small eccentricities have a minimal effect on the
important underlying secular trend in the rate at which
frequency sweeps up approaching merger.

The phasing of the waveform is critical for gravitational-
wave observation. For data analysis, the optimal methods
for both detection and parameter estimation rely on
matched filtering, which employs a weighted inner product
that can be expressed in Fourier space as hh; si !R
df%~h*#f$~s#f$ + ~h#f$~s*#f$&=Sn#f$, where h is the tem-

plate being used, s is the signal being analyzed, and Sn is
the one-sided power spectral density of the detector’s noise
[17]. A template that maximizes hh; si will provide an
optimal filter. Therefore, the most crucial factor is the
relative phasing of the template and signal. The inner
product will cease to accumulate in sweeping through
frequency if the template and the signal evolve to be out
of phase with each other by more than a half-cycle, de-
creasing the effectiveness of the procedure.

Our key objective is to compare phasing between nu-
merical and PN waveforms. We can make a stronger
connection to the underlying physics while avoiding issues
with time alignment by comparing phases as a function of
polarization frequency, which corresponds to twice the
orbital frequency in the PN case. For circular inspiral this
frequency should grow monotonically in time, with the
frequency !c providing a physical reference of the ‘‘hard-
ness’’ of the tightening binary.

Circular inspiral phasing information is typically de-
rived in PN theory by imposing an energy balance relation
to deduce the rate at which !c evolves from the radiation
rate at a specified value of !c [1]. Though not strictly
derived in the PN context, this physically sensible condi-
tion currently allows the determination of the chirp rate
_!c#!c$ up to 3.5PN order [11]. From such a relation,

information about phase and time are determined by inte-
grating d!=d!c ! !c= _!c and dt=d!c ! 1= _!c. The
phasing information can be represented by any one of
several relations among phase, frequency, and time.
Various approaches take the PN-expanded representation
of one of these relations as the PN ‘‘result’’ for waveform
phasing [1,11,18]. It has been demonstrated [11] that the
PN expansion of _!c#!c$, numerically integrated as
needed, has the greatest utility for conducting comparisons
of phasing with numerical results during the late inspiral,
and we adopt that convention.

For the purpose of comparison with our numerical simu-
lations, we invert the monotonic function !c#t$ to obtain
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FIG. 1 (color online). Gravitational strain waveforms from the
merger of equal-mass Schwarzschild black holes. The solid
curve is the waveform from the high-resolution numerical simu-
lation, and the dashed curve is a PN waveform with 3.5PN order
phasing [14,15] and 2.5PN order amplitude accuracy [16]. Time
t ! 0 is the moment of peak radiation amplitude in the simula-
tion.

PRL 99, 181101 (2007) P H Y S I C A L R E V I E W L E T T E R S week ending
2 NOVEMBER 2007

181101-2

equal-mass,
nonspinning
black holes
[Baker et.al., 2007]
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Relativistic Astrophysics and Numerical Relativity Lawn sprinklers

Lawn sprinklers

equal flow from both jets
=⇒ center of mass (COM) static
unequal but steady flow
=⇒ COM describes circle
unequal and increasing flow
=⇒ COM describes outward spiral

Turn off water
=⇒ COM continues to coast in random di-
rection
=⇒ sprinkler recoil...
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Relativistic Astrophysics and Numerical Relativity Black hole recoil

Black hole recoil

• In asymmetric black hole binaries, one black hole radiates more linear momentum
than the other

• Rate of linear momentum loss increases as binary separation decreases
=⇒ center of mass describes outward spiral

• Process terminates with merger
=⇒ remnant continues to coast in random direction
=⇒ “black hole recoil”

Asymmetries can be introduced by unequal masses and/or black hole spin
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Relativistic Astrophysics and Numerical Relativity Black hole recoil

Unequal masses

Analytical analysis based on lowest-order
multipole moments for Newtonian point-
mass binary

Vkick ≈ 1480 km/s
f (q)

fmax

(
2M

rterm

)4

with

f (q) = q2 1− q

(1 + q)5

and q ≡ m1/m2. [Fitchett, 1983]
=⇒ maximum of possibly several 100 km/s
for q ≈ 0.38

[Fitchett, 1983]

=⇒ analyze numerically!

[Hermann et.al., 2007; Baker et.al., 2006; González et.al., 2007]
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Relativistic Astrophysics and Numerical Relativity Black hole recoil

Unequal masses: maximum recoil

[González et.al., 2007] (Here η ≡ q/(1 + q)2)

• maximum recoil for non-spinning black holes V mass
kick ≈ 175 km/s

• maximum recoil realized for mass ratio q = 0.36± 0.03

Note: recoil speed independent of binary mass
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Relativistic Astrophysics and Numerical Relativity Black hole recoil

Spinning black holes

Can achieve much larger recoil speeds from binary black holes with large, anti-aligned
spins in orbital plane

V spin
kick . 4000 km/s

Jan. 29 2007 gr-qc/0701164v1 Campanelli et.al. 454 km/s
Feb. 8 2007 gr-qc/0702052v1 González et.al. 2500 km/s
Feb. 25 2007 gr-qc/0702133v1 Campanelli et.al. 4000 km/s

=⇒ Vkick depends strongly on both magnitude and orientation of black-hole spin, but
can be very large

=⇒ this raises a host of interesting astrophysical questions...
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Relativistic Astrophysics and Numerical Relativity Astrophysical consequences of black hole recoil

Astrophysical consequences of black hole recoil

Can we observe recoiling black holes?

• Coalescence of supermassive black holes triggered by merger of their host galaxies

• Recoiling black hole carries accretion disk

◦ displacement of AGN from center of host galaxy [Loeb, 2007, Volonteri & Madau,
2008]

◦ shocks in accretion disk [Lippai et.al., 2008]

◦ flares from shocks in accretion disk [Shields & Bonning, 2008]

◦ “Hypercompact stellar systems” around recoiling black holes [Merritt et.al.,
2008]

◦ relative shift between narrow emission lines (from galaxy) and broad emission
lines (from disk) [Bonning et.al., 2007]
=⇒ possible identification of a candidate: SDSS J092712.65+294344.0 (2,650 km/s)

[Komossa et.al., 2008; Shields et.al., 2009]
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Relativistic Astrophysics and Numerical Relativity Astrophysical consequences of black hole recoil

Escape speed from centers of galaxies

Escape speeds from centers of many galaxies
are

Vesc . 2000 km/s

=⇒ recoiling black holes can exceed escape
speed
But: galaxies contain massive black holes in
their cores
[Richstone et.al., 1998; Ferrarese & Ford,
2005]

[Merritt et.al., 2004]

How come we observe supermassive black holes at cores of galaxies?

What is role of recoil speeds in hierarchical structure formation?
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Relativistic Astrophysics and Numerical Relativity Astrophysical consequences of black hole recoil

Merger trees

High likelihood of black hole escape may still
lead to large fraction of galaxies containing
black holes
• probability of galaxy having black hole in
(i + 1)-st generation

fi+1 = 0× (1− fi)
2

+fi(1− fi) + (1− fi)fi

+(1− pej)f
2
i

• equilibrium occupation

f∞ =
1

1 + pej

• reached after a few mergers
pej depends on average recoil speed...

pej = 0.1

pej = 0.9

[Schnittman, 2007]
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Relativistic Astrophysics and Numerical Relativity Astrophysical consequences of black hole recoil

What is average recoil speed?

... depends on astrophysical conditions (see Monica Colpi’s talk)

• mass-ratio
[Volonteri & Madau, 2008]

• spin
◦magnitude:

affected by accretion, mergers (minor/major), initial conditions...
[Gammie et.al., 2004; Berti & Volonteri, 2010]
◦ orientation:

gas-poor galaxies: isotropic distribution
gas-rich galaxies: spins align
[Bogdanović et.al., 2007]

For isotropic spin distribution, average speed probably several hundred km/s...

[Schnittman & Buonanno, 2007; Lousto et.al., 2010]

... but much smaller for mergers in gas-rich galaxies

[Bogdanović et.al., 2007; Dotti et.al., 2010; Sijacki et.al., 2010]
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Relativistic Astrophysics and Numerical Relativity Other effects of black hole spin

Other effects of black hole spin

• If black hole spins are aligned with
orbital angular momentum, immediate
merger would lead remnant spin exceed-
ing Kerr limit
=⇒ “orbital hang-up” [Campanelli
et.al., 2006]
• If black hole spins are not aligned,
merger may lead to spin flip

-3-2-1 0 1 2 3

-3 -2 -1  0  1  2  3

-0.3

-0.2

-0.1

 0

0.1

0.2

0.3

[Campanelli et.al., 2007]

[Merritt and Ekers, 2002]

=⇒ possible explanation for “X-shaped”
radio jets?
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Relativistic Astrophysics and Numerical Relativity Before we leave binary black holes...

Before we leave binary black holes...

• Development of codes for binary black holes primarily motivated by prospect of
gravitational wave detection

• immediate astrophysical payoffs quite unexpected
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Relativistic Astrophysics and Numerical Relativity Simulations of binary neutron stars

Simulations of binary neutron stars

M0/M
max
0 = 1.075 [Shibata & Taniguchi, 2006]

• prompt black hole formation only for masses M > Mthr > Mmax

• for Mthr > M > Mmax “hypermassive” neutron star supported by differential
rotation [Baumgarte et.al., 2000]
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Relativistic Astrophysics and Numerical Relativity Simulations of binary neutron stars

Central engines of short gamma-ray bursts?

To launch gamma-ray burst, need sizable accretion disk around black hole...

[Shibata & Taniguchi, 2006]

=⇒ see José Font’s talk

• Other possible route to SGRB: mixed black hole-neutron star binaries
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Relativistic Astrophysics and Numerical Relativity New developments

New developments

Realistic treatment of many astrophysical processes requires

• general relativistic gravitational fields

• relativistic hydrodynamics

• realistic equation of state

• electromagnetic fields

• neutrino transport

• . . .

Until recently:

• numerical relativity:
focus on treatment of relativistic gravitational fields and ideal fluids

• computational astrophysics:
focus on realistic treatment of many physical processes

=⇒ time to merge efforts
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Relativistic Astrophysics and Numerical Relativity New developments

General relativistic magnetohydrodynamics (GRMHD)

Example: magnetically induced delayed collapse of hypermassive neutron star

[Duez et.al., 2006]
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Relativistic Astrophysics and Numerical Relativity New developments

Maxwell’s equations

Example: merger of binary black holes surrounded by magnetized plasma
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Dual Jets from Binary Black Holes
Carlos Palenzuela,1,2 Luis Lehner,3,4,5* Steven L. Liebling6

The coalescence of supermassive black holes—a natural outcome when galaxies merge—should
produce gravitational waves and would likely be associated with energetic electromagnetic events.
We have studied the coalescence of such binary black holes within an external magnetic field
produced by the expected circumbinary disk surrounding them. Solving the Einstein equations to
describe black holes interacting with surrounding plasma, we present numerical evidence for
possible jets driven by these systems. Extending the process described by Blandford and Znajek for
a single, spinning black hole, the picture that emerges suggests that the electromagnetic field
extracts energy from the orbiting black holes, which ultimately merge and settle into the standard
Blandford-Znajek scenario. Emissions along these jets could potentially be observable at large
distances.

Among the most spectacular of astro-
physical events are observations of tre-
mendous amounts of energy careening

out along highly collimated jets from a localized
central region. Within this central region is the
engine behind the jets, generally believed to be a
spinning black hole, which helps convert binding
and rotational energy into kinetic and thermal
energy of the surrounding plasma [e.g., (1)]. This
basic picture is widely accepted, but a detailed
understanding of these systems remains elusive,
in part because of the inability to detect clean
electromagnetic signals from the depths of the
central engine. Such understanding is particularly
needed for phenomena such as gamma-ray bursts
and active galactic nuclei, and will likely rely on
a combination of sophisticated theoretical analy-
sis along with detailed observations.

Here, we examined the interaction of a binary
black hole system with an environment filled
with a conducting plasma and a magnetic field
as the black holes orbit around each other, ulti-
mately colliding and merging. Such a system is
expected as a natural consequence of galaxy
mergers. Through a variety of viscous processes,
the orbit of the black holes tightens until its dy-
namics is governed by the time scale of gravita-
tional radiation, disconnected from the properties
of the disk (2). The emission of gravitational
waves carries off both energy and angular mo-
mentum from the system, driving the binary to
merger.

The scenario of orbiting binary black holes
occurring in vacuum is now well understood
thanks to concentrated efforts on both analytical
and numerical fronts [see, e.g., (3) and references

therein]. Assuming the binary is immersed in
vacuum is generally an excellent approximation
because the gravitational wave signal is dominated
by the black holes, the inertia of which dominates
that of anything else in the problem. A next step,
however, is to study possible electromagnetic
counterparts that would allow for studying key
systems via both bands. Such a possibility is quite
likely in the context of supermassive binary black
hole mergers, because merging black holes will
interact with, at the very least, (i) a circumbinary
accretion disk (2), (ii) remnant gas between the
black holes (4, 5), and (iii) a magnetosphere (6).
All these interactions could potentially contribute
to electromagnetic emissions [e.g., (7–19)]. As
discussed in (2), as the binary tightens, a common
circumbinary disk will be formed within which
the black holes will eventually merge. Such a
disk will typically be magnetized, anchoring a
magnetic field that will permeate the evacuated
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Fig. 1. The radial electromagnetic energy flux FEM at different times. The collimated part is formed
by two tubes orbiting around each other following the motion of the black holes. A strong isotropic
emission occurred at the time of merger, followed by a single collimated tube as described by the
Blandford-Znajek scenario. (A) t = −11.0(M/108 M◉) hours; (B) t = −3.0(M/108 M◉) hours; (C) t =
4.6(M/108 M◉) hours; and (D) t = 6.8(M/108 M◉) hours.
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region inside the disk containing the black holes
and may lie quite far from the orbiting system.
Once the black holes merge, the generic outcome
will be a spinning black hole within the magnetic
field anchored by the disk.

It is precisely this system that was studied in
the seminal work of Blandford and Znajek (6)
and a large number of subsequent works. In this
model, the vacuum outside a spinning black hole
immersed in an external magnetic field becomes
unstable as the result of a process outlined in (6).
Any stray charged particles in the vicinity of the
black hole will be accelerated, and this accel-
eration results in radiation energetic enough to
produce electron-positron pairs. This process then
repeats, resulting in a cascading effect that popu-
lates the region with a conducting plasma (1). As
a result of the negligible fluid inertia, the bulk of
such plasma experiences essentially no Lorentz
force (20), and so the system can be cleanly studied
with the so-called force-free approximation (6, 21).
This approximation, together with the assump-
tion of stationarity and axisymmetry, allows one
to determine that a net outward electromagnetic
flux is produced that extracts rotational energy
from the black hole. Furthermore, the electromag-
netic energy flux is highly collimated and even-
tually will be transferred into kinetic energy of the
plasma, accelerating charges and producing syn-
chrotron radiation. Support for this basic picture
has been provided in recent years through nu-
merical models (22–26).

The Blandford-Znajek model is not directly
applicable to the very dynamical merger of two
black holes. Instead, we used numerical simu-
lations to explore the interaction of a surrounding
plasma and magnetic field with a merging black
hole binary. We solved the Einstein-Maxwell sys-
tem of equations coupled to a low-density plasma
with negligible inertia in comparison to electro-
magnetic stresses (20).

We assumed the existence of a circumbinary
disk far outside our binary system (and outside
our computational domain). The current in this
disk produced and anchored a dipolar magnetic
field permeating the domain of our computation.
This magnetic field was incorporated as both
an initial condition and a boundary condition with
strength given by a constantB0.We adopted black
holes in a quasi-circular orbit (which is a reason-
able approximation as gravitational wave emis-
sion circularizes the orbit). We studied the late
orbiting stage and merger, and so we considered
an initial separation that gave rise to more than
one orbit before the merger took place. Further-
more, we adopted equal-mass [MBH =M/2, with
a radius RBH = 10(M/108 M◉) AU, where M◉ is
the mass of the Sun], nonspinning black holes to
disentangle orbital effects from those that would
be induced by any individual spins (i.e., individual
Blandford-Znajek effects that would be present
around each spinning black hole).

The two black holes orbited and merged with-
in roughly one orbital period [~13.6(M/108 M◉)
hours], after which the final black hole radiated

its excess structure, settling into a Kerr black hole
with spin a ≡ Jc/(GM2) ≈ 0.67, where J is the
black hole’s angular momentum, G is Newton’s
constant, and c is the speed of light (Fig. 1, fig.
S1, and movies S1 and S2). To study the sys-
tem in more detail, we monitored the Newman-
Penrose scalars F2 and Y4 (the square of the
former and the integral of the latter describe the
electromagnetic and gravitational energy fluxes,
respectively); the Poynting flux; the function WF ≡
Frq/Frf [which in axisymmetric, stationary sce-
narios describes the angular velocity of magnetic

field lines (6)]; and the electric andmagnetic field
topologies.

In the first stage, before merging, the black
holes stirred the surrounding plasma (Fig. 2). The
orbital dynamics and strong curvature affected
the electromagnetic field in the close neighbor-
hood of each black hole, inducing both a poloidal
electric field and a toroidal magnetic field—both
scaling as vB0 [as in models for magnetospheric
interactions of binary pulsars (27, 28)]. The in-
duced time-dependent topology gave rise to a net
Poynting flux aligned/antialigned with the orbital

Fig. 2. Snapshots of the electric and magnetic field lines before and after merger. Representative
electric field lines are shown in red and a few magnetic field lines are shown in blue. The electro-
magnetic rotation frequency, WF, is shaded according to the color map. (A) t = −8.2(M/108 M◉) hours;
(B) t = 4.6(M/108 M◉) hours.

Fig. 3. The projection of the radial electromagnetic flux on a sphere
located at r = 20RBH. The structure of the collimation as it transitions
from an m = 2 to an m = 0 mode is displayed. (A) t = −8.2(M/108
M◉) hours; (B) t = −5.5(M/108 M◉) hours; (C) t = −3.0(M/108 M◉)
hours; (D) t = 2.0(M/108 M◉) hours; (E) t = 4.6(M/108 M◉) hours;
and (F) t = 6.8(M/108 M◉) hours.
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[Palenzuela et.al., 2010]

=⇒ Blandford-Znajek jets even for non-spinning (but orbiting) black holes

=⇒ gravitational wave signal accompanied by powerful electromagnetic counterpart

=⇒ see Luis Lehner’s talk
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Relativistic Astrophysics and Numerical Relativity Future developments

Future developments

• “numerical relativity” simulations will incorporate more “astrophysics”
◦ for example, sophisticated neutrino transport

• “computational astrophysics” will incorporate more “numerical relativity”
◦ e.g., efforts of Garching group

=⇒ important application: supernovae calculations
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Relativistic Astrophysics and Numerical Relativity Conclusions

Conclusions

Relativistic astrophysics and numerical relativity have always benefitted from each
other

• many numerical relativity simulations motivated by astrophysical questions

• many astrophysical questions triggered by numerical relativity results
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