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Cosmological inflation generates a spectrum of primordial density perturbations that 
can seed the cosmic structures that we observe today

ds2 = −dt2 + e2Htd!x2

Guth, Hawking, Mukanov, Starobinski, ... ’80

1 5
miércoles 8 de septiembre de 2010



Ivan AgulloInflation, Quantum Field Renormalization, and CMB Anisotropies

Cosmological inflation generates a spectrum of primordial density perturbations that 
can seed the cosmic structures that we observe today

ds2 = −dt2 + e2Htd!x2

φ(t, "x) = φ0(t) + δφ(t, "x)

inflaton perturbations

R(t, !x)

comoving curvature perturbations 
(gauge invariant)

R(t, !x) =
∫

d3k(A!kRk(t) + A†
−!k
R∗k(t))e−i!k!x

Single field slow-roll inflation 

Guth, Hawking, Mukanov, Starobinski, ... ’80

1 5
miércoles 8 de septiembre de 2010



Ivan AgulloInflation, Quantum Field Renormalization, and CMB Anisotropies

Cosmological inflation generates a spectrum of primordial density perturbations that 
can seed the cosmic structures that we observe today

ds2 = −dt2 + e2Htd!x2

φ(t, "x) = φ0(t) + δφ(t, "x)

inflaton perturbations

R(t, !x)

comoving curvature perturbations 
(gauge invariant)

R(t, !x) =
∫

d3k(A!kRk(t) + A†
−!k
R∗k(t))e−i!k!x

〈0|R(t, !x)|0〉 = 0

Single field slow-roll inflation 

Guth, Hawking, Mukanov, Starobinski, ... ’80

1 5

〈0|R(t, !x)2|0〉 =
∫

d3k|Rk(t)|2

miércoles 8 de septiembre de 2010



Ivan AgulloInflation, Quantum Field Renormalization, and CMB Anisotropies

Cosmological inflation generates a spectrum of primordial density perturbations that 
can seed the cosmic structures that we observe today

ds2 = −dt2 + e2Htd!x2

φ(t, "x) = φ0(t) + δφ(t, "x)

inflaton perturbations

R(t, !x)

comoving curvature perturbations 
(gauge invariant)

R(t, !x) =
∫

d3k(A!kRk(t) + A†
−!k
R∗k(t))e−i!k!x

〈0|R(t, !x)|0〉 = 0

Single field slow-roll inflation 

Guth, Hawking, Mukanov, Starobinski, ... ’80

In momentum space:
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〈0|R(t, !x)2|0〉 =
∫

d3k|Rk(t)|2

k/a(tk) = H
t! tk

≡
∫ ∞

0

dk

k
∆2
R(k)

Power spectrum

〈0|R̂!k(t)R̂!k′(t)|0〉 = δ("k + "k′)
∆2
R(k)

4πk3
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∆2
R(k) =

1
2εM2

P

(
H

2π

)2

1− ns ≡
d ln ∆2

R(k)
d ln k

= 6ε− 2η

slow-roll parameters
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d ln k

= 6ε− 2η

Tensorial perturbations
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d ln ∆2
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d ln k
= −2ε
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2
M2
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(
H

2π
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Tensor to scalar ratio r =
4∆2

h(k)
∆2
R(k)

= 16ε

Consistency relation r = −8nt

slow-roll parameters

Satisfied by ALL single-field slow-roll
 inflationary models
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Tensorial perturbations (gravity waves)
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Reexamining the calculations of the spectrum of perturbations 

Momentum space
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Reexamining the calculations of the spectrum of perturbations 
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Position space UV Divergent!

Renormalization in curved spacetimes

Renormalization in momentum space removes the divergences by subtracting
a set of “counterterms” mode by mode, that is, under the integral symbol

〈0|R(t, !x)2|0〉ren =
∫

d3k
(
|Rk(t)|2 − Ck(t)

)
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All schemes of renormalization in momentum space 
Adiabatic regularization (Parker & Fulling 74)
De Witt-Schwinger proper time in momentum space (Bunch & Parker ’79)

lead to the same expression for Ck(t)

〈0|R̂!k(t)R̂!k′(t)|0〉 = δ("k + "k′)
∆2
R(k)

4πk3
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∆̃2
R(k) =

k3

4π2

(
|Rk(t)|2 − Ck(t)

)
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∆̃2
R(k) =

k3

4π2

(
|Rk(t)|2 − Ck(t)

)

We have to specify WHEN the classical perturbations are created
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∆̃2
R(k) =

k3

4π2

(
|Rk(t)|2 − Ck(t)

)

We have to specify WHEN the classical perturbations are created

∆̃2
R(k) =

1
2εM2

P

(
H

2π

)2

(3ε− 2η)(2n− 3/2)

∆̃2
h(k) =

2
M2

P

(
H

2π

)2

ε (2 n− 3/2)

The quantum-to-classical transition takes place a few e-foldings after     tk

tkIf we evaluate the “counterterms” n e-foldings after     , but before the end of inflation         
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ns − 1 = −6ε + 2η +
(12ε2 − 8εη + ξ2)

3ε− η
nt = 2(ε− η)

r = 16ε
ε

3ε− η
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The running index                     has to be measured to check the new consistency relation.

∆̃2
R(k) =

k3

4π2

(
|Rk(t)|2 − Ck(t)

)

We have to specify WHEN the classical perturbations are created

∆̃2
R(k) =

1
2εM2

P

(
H

2π

)2

(3ε− 2η)(2n− 3/2)

∆̃2
h(k) =

2
M2

P

(
H

2π

)2

ε (2 n− 3/2)

r = 4(1− ns − nt) +
4n′

t

n2
t − 2n′

t

(
1− ns −

√
2n′

t + (1− ns)2 − n2
t

)

The quantum-to-classical transition takes place a few e-foldings after     tk

tkIf we evaluate the “counterterms” n e-foldings after     , but before the end of inflation         

New consistency relation

can be positive in contrast with the unrenormalized result nt nt = −2ε < 0
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ns − 1 = −6ε + 2η +
(12ε2 − 8εη + ξ2)

3ε− η
nt = 2(ε− η)

 The new consistency relation is compatible with a non-zero value of                        even 
if the tensorial spectral index       is zero (in contrast with the standard result               ).

r ≈ 4(1− ns)
nt r = −8nt
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n′
t ≡

dnt

d ln k

r = 16ε
ε

3ε− η
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Hopefully, these new predictions will be inside 
the range of measurements of the PLANCK 

satelite
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However, we can already (partially) compare with observational data (WMAP 5-year)

Let us take the representative monomial potential

Renormalized Unrenormalized

V (φ) = m2φ2

V (φ) = λφ4

V (φ) = λφp

       is the number of e-folds (Hubble times) of inflation between       and the end of 
inflation (                   )     
N

N ∈ [50, 60]
tk
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r ≡ Pt(k)
PR(k)

= 16ε
ε

(3ε− η)

ξ2 ≡M4
P (V ′V ′′′/V 2)

Scalar spectral index

Tensorial spectral index

n′
t ≡

dnt

d ln k
= 8ε(ε− η) + 2ξ2Running of the tensorial 

spectral index

ns − 1 = −6ε + 2η +
(12ε2 − 8εη + ξ2)

3ε− η

nt = 2(ε− η)
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